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Abstract
Given a commutative ring S, a group Q that acts on S by ring automorphisms, and an S-
algebra endowed with an outer action of Q, we study the associated Teichmüller class in the
appropriate third group cohomology group. We extend the classical results to this general
setting.
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Introduction
Let S be a unitary commutative ring, Q a (not necessarily finite) group, and κQ : Q→ Aut(S)
an action (not necessarily injective) of Q on S by ring automorphisms. We refer to an algebra
A having S as its center as a central S-algebra. Given a central S-algebra A, we denote by
Aut(A) the group of ring automorphisms of A and by Out(A) that of ring automorphisms
modulo inner ones. We define a Q-normal S-algebra to be a pair (A, σ), where A is a central
S-algebra and σ : Q → Out(A) a homomorphism that lifts the action κQ of Q on S in the
sense that the composite of σ with the obvious map Out(A)→ Aut(S) coincides with κQ. The
special case where S is a field and Q a finite group of automorphisms of S is classical; in that
case, a finite dimensional central simple S-algebra A having the property that each member
of Q can be extended to an automorphism of A was termed Q-normal by Eilenberg and Mac
Lane [EM48]. In view of the Skolem-Noether theorem, see, e. g., Proposition 4.1 below for a
generalization, the restriction map Out(A) → Aut(S) is then injective, and our definition is
then therefore equivalent to that of Eilenberg and Mac Lane [EM48]. The classical case was
studied already by Teichmüller [Tei40]. Teichmüller associated to a Q-normal central simple
algebra over a field S a 3-cocycle of Q with values in the multiplicative group U(S) of non-zero
elements of the field S, endowed with the Q-module structure coming from the Q-action on S;
this 3-cocycle was then termed the Teichmüller-cocycle by Eilenberg and Mac Lane [EM48],
see also [Mac48a], [Mac48b].
For the case of a general commutative unitary ring S and a general action κQ : Q→ Aut(S)
of Q on S by ring automorphisms, relative to the abelian group U(S) of invertible elements
of the ring S, endowed with the Q-module structure coming from the Q-action on S, to any
Q-normal S-algebra (A, σ), we associate a crossed 2-fold extension e(A,σ) starting at U(S) and
ending at Q; see Subsection 4.4 below for details. We refer to this crossed 2-fold extension as
the Teichmüller complex of (A, σ). In view of the interpretation of the third group cohomology
group H3(Q,U(S)) of Q with coefficients in U(S) in terms of crossed 2-fold extensions given
in [Hue80], see also [Mac79], e(A,σ) represents a class [e(A,σ)] ∈ H3(Q,U(S)), and we refer to
this class as the Teichmüller class of (A, σ). In Subsection 4.4 we show that, in the cocycle
description, the Teichmüller class is the one represented by a Teichmüller cocycle. Using that
description of the Teichmüller class, we extend the classical results related with the Teich-
müller cocycle to our general setting and derive a number of new results. We organize the
material in three chapters. In Chapter I, we explain the absolute case, in Chapter II the
relative case, and in Chapter III we offer a number of examples. Each chapter has its own
abstract and introduction.
To our knowledge, in the literature, apart from an interpretation of the “Nakayama” cocycle
in [Nak53, §4] in terms of abstract kernels, the Teichmüller cocycle and its offspring was
never related with crossed modules or with an equivalent notion. In this paper, we borrow a
number of constructions from [FW00] and generalize them within our setting. It is, perhaps,
worthwhile noting that none of the papers by Fröhlich and Wall seems to contain a reference
to Teichmüller or to any of the follow-up papers thereof and that none of the twelve articles
that, according to the MR citations, quote [FW00], contains a reference to Teichmüller or to
any of the follow-up papers. Likewise, among the articles that, according to the MR citations,
quote Teichmüller’s original paper [Tei40], only [CGG00] and [CGO01] contain a reference
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to the paper [FW74] by Fröhlich and Wall, and there is no other reference to the papers by
Fröhlich and Wall related with the subject, in particular, no reference at all to [FW00] where
a version of the Teichmüller cocycle appears. In this paper, we also explore the crossed pair
concept, developed in [Hue81b]. This concept is closely related with that of a pseudo-module
[Tay53]; that paper arose out of a thesis supervised by J.H.C. Whitehead, pseudo-modules
being a generalization of crossed modules. It seems that, thereafter, pseudo-modules were
largely forgotten. In Remark 13.3 we make the relationship between crossed pairs and pseudo-
modules explicit. We also note that, in class field theory, over a field, the Teichmüller cocycle
yields a certain obstruction to the corresponding local-global principle [Nak53] but is rarely
spelled out explicitly; an explicit hint may be found, e. g., in [Tat67, Section 11 p. 199]. We
comment on this principle in Subsection 21.1 below.
We work over commutative rings (rather than fields on one hand or schemes on the other),
and our methods are conceptual, do not involve chain complexes, and avoid cocycle calcula-
tions. It might be worthwhile to extend our methods to ringed spaces, cf. [Aus66].
It is a pleasure to dedicate this paper to Ronnie Brown. In my thesis, written with the help
and encouragement of B. Eckmann, I had developed an interpretation of the group cohomology
groups in terms of crossed n-fold extensions, cf. [Hue80]. At the time (in 1977), S. Mac Lane
had suggested I should get in contact with R. Brown, which I did, and Ronnie got excited
seeing that interpretation of group cohomology. It is fair to say, if I hadn’t met Ronnie at the
time I might not have become a research mathematician. Needless to point out, Ronnie has
a long record of research papers dealing with crossed modules, crossed n-fold extensions and
variants thereof, as well as numerous articles on applications of these notions in topology and
on foundational issues related with these notions. The recent monograph [BHS11] reflects this
activity and contains a host of references. In the present paper we show how crossed modules
and crossed pairs, a somewhat more general notion, occur elsewhere in mathematical nature,
in a way that is, perhaps, a bit surprising at first glance.
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Chapter I
The absolute case
Abstract
Let S be a unitary commutative ring, Q a group that acts on S by ring automorphisms, and let
R denote the subring of S fixed under Q. A Q-normal S-algebra consists of a central S-algebra
A and a homomorphism σ : Q→ Out(A) into the group Out(A) of outer automorphisms of A
that lifts the action of Q on S. With respect to the abelian group U(S) of invertible elements of
S, endowed with the Q-module structure coming from the Q-action on S, we associate to a Q-
normal S-algebra (A, σ) a crossed 2-fold extension e(A,σ) starting at U(S) and ending at Q, the
Teichmüller complex of (A, σ), and this complex, in turn, represents a class, the Teichmüller
class of (A, σ), in the third group cohomology group H3(Q,U(S)) of Q with coefficients in
U(S). We extend some of the classical results to this general setting. Among others, we
relate the Teichmüller cocycle map with the generalized Deuring embedding problem and
develop a seven term exact sequence involving suitable generalized Brauer groups and the
generalized Teichmüller cocycle map. We also relate the generalized Teichmüller cocycle map
with a suitably defined abelian group kRep(Q,BS,Q) of classes of representations of Q in the
Q-graded Brauer category BS,Q of S with respect to the given action of Q on S.
1 Introduction
Exploiting the description of the Teichmüller class in terms of the Teichmüller complex, we
show how the classical results related with the Teichmüller cocycle for finite dimensional
normal central simple algebras extend to general Q-normal algebras as defined above. We do
not a priori assume A to be, e. g., an Azumaya algebra. We shall make such an assumption
only when truly necessary (in Subsections 4.2, 4.10, 4.11, and from Section 8 on) but to begin
with such an assumption would hide the formal nature of the arguments. We now explain the
results in the present chapter.
(1) Let (A, σ) be a Q-normal central S-algebra. Theorem 6.1 below says that (A, σ) has
zero Teichmüller class if and only if the Q-normal structure σ|Q| : Q→ Out(M|Q|(A)) induced
from σ on the matrix algebra M|Q|(A) over A is equivariant , i.e., if and only if the Q-normal
structure σ|Q| arises from an ordinary action of Q on M|Q|(A) by ring automorphisms. In
particular, if S|R is a Galois extension of commutative rings over R = SQ with group Q then
an equivariant structure on M|Q|(A) comes from extension of scalars, by Galois descent, and
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so (A, σ) then has zero Teichmüller class if and only if (M|Q|(A), σ|Q|) arises by extension of
scalars.
(2) In order to explain our second result suppose for simplicity that S|R is a Galois extension
of commutative rings over R = SQ with Galois group Q. Corollary 6.6 below says that then
a central S-algebra A has a Q-normal structure σ with zero Teichmüller class if and only if A
admits an embedding into a central R-algebra C so that (i) the centralizer of S in C is just A,
and (ii) each automorphism κQ(q) of S, as q ranges over Q, extends to an inner automorphism
α of C which (in view of (i)) maps A to itself in such a way that the class of α|A in Out(A)
coincides with σ(q); moreover, if A is an Azumaya S-algebra then C may be taken to be an
Azumaya R-algebra.
In the classical situation, such an embedding problem was raised by Deuring [Deu36], and
Teichmüller apparently invented his cocycle in order to settle Deuring’s embedding problem.
Actually, in Theorem 6.4below, we give a somewhat more general result than that just spelled
out.
(3) Suitable equivalence classes of Q-normal Azumaya S-algebras constitute an abelian group,
the crossed Brauer group, which we denote by XB(S,Q), and the Teichmüller class depends
only on the class in the crossed Brauer group, see Section 8 below. Moreover, the crossed
Brauer group is a functor on a suitable category, to be explained in Subsection 3.7 below, the
map t : XB(S,Q)→ H3(Q,U(S)) given by the assignment to a Q-normal Azumaya S-algebra
of its Teichmüller complex is a natural homomorphism which we refer to henceforth as the
Teichmüller map, and in case that Q is a finite group, the kernel of the Teichmüller map
consists precisely of the classes of equivariant Q-normal S-algebras, in view of (1).
The results spelled out as (1), (2) and (3) extend the corresponding results of Teichmüller
[Tei40]. For in the classical situation where Q is a finite group of automorphisms of a field S,
the crossed Brauer group XB(S,Q) comes down to the subgroup B(S)Q of the Brauer group
B(S) of S that consists of the classes fixed under Q, and these are precisely the Q-normal
classes.
(4) An alternate approach in terms of the “group-like stably Q-graded symmetric monoidal
category” BS,Q associated with the symmetric monoidal Brauer category BS of the ground
ring S and the Q-action on S [FW71b], [FW74], [FW00], see Section 3 for details, involves
the abelian group kRep(Q,BS,Q) of classes of representations of Q in BS,Q (see Subsection
3.5 for the notation), and we refer to the abelian group kRep(Q,BS,Q) as the generalized
crossed Brauer group and to its members as generalized Q-normal Azumaya algebras, for the
following reason: In Subsection 4.10 below we associate, to any generalized Q-normal Azumaya
algebra, an ordinary Q-normal algebra whose underlying algebra is an Azumaya algebra if
and only if the subgroup κQ(Q) of Aut(S) is a finite group; see Theorem 4.20 for details.
In Subsection 4.11 we then define the Teichmüller class of the given generalized Q-normal
Azumaya algebra to be the Teichmüller class of the associated ordinary Q-normal algebra.
Here our approach in terms of general algebras rather than just Azumaya algebras pays off
since the Q-normal algebra associated to a generalized Q-normal Azumaya algebra need not be
an Azumaya algebra. The map t : kRep(Q,BS,Q)→ H3(Q,U(S)) given by the assignment to a
generalized Q-normal Azumaya S-algebra of its Teichmüller class is a natural homomorphism
which, combined with the obvious homomorphism from the crossed Brauer group XB(S,Q) to
kRep(Q,BS,Q), necessarily injective, cf. Theorem 8.10, coincides with the Teichmüller cocycle
map from XB(S,Q) to H3(Q,U(S)) defined previously. If, furthermore, the subgroup κQ(Q) of
Aut(S) is a finite group, the obvious homomorphism from the crossed Brauer group XB(S,Q)
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to kRep(Q,BS,Q) is an isomorphism of abelian groups. See Subsection 8.3 for details. A
byproduct of our reasoning is the following observation, where B(S,Q) denotes the subgroup
of the Brauer group B(S) whose members are represented by Azumaya S-algebras A having
the property that each automorphism of the kind κQ(x) of S as x ranges over Q extends to
an automorphism of A: The canonical homomorphism from B(S,Q) to B(S)Q = H0(Q,B(S))
is an isomorphism when the subgroup κQ(Q) of Aut(S) is a finite group; see Corollary 4.21
for details.
(5) With respect to the data, let EB(S,Q) denote the equivariant Brauer group, see Section
9 below for details. For the particular case where the group Q is finite, the exact sequence
(10.1) below involving the Teichmüller cocycle map t yields an extension of the kind
. . .→ (Pic(S))Q → H2(Q,U(S))→ EB(S,Q)→ XB(S,Q) t→ H3(Q,U(S))
of the corresponding classical low degree four term exact sequence by three more terms. If,
furthermore, S|R is a Galois extension of commutative rings over R = SQ with Galois group
Q, by Galois descent, the abelian group EB(S,Q) is isomorphic to the ordinary Brauer group
B(R) of R.
Generalizations of the Teichmüller cocycle map were also developed by Childs [Chi72],
Fröhlich and Wall [FW00], Knus [Knu75], Pareigis [Par64], Ulbrich [Ulb89], [Ulb94], and
Zelinski [Zel76]. Our approach is substantially different from that in each of those papers.
Indeed, in those articles except [Knu75] and [FW00], given an action κ : Q → Aut(S) of a
group Q on the commutative ring S, an S-Azumaya algebra A is defined to be Q-normal if each
automorphism κ(q) of S, as q ranges over Q, extends to an automorphism of A; accordingly,
the values of the Teichmüller cocycle map developed in those articles do not necessarily lie
in the cohomology group H3(Q,U(S)). When S is a field, in view of the Skolem-Noether
theorem, that definition is equivalent to ours but over a general ring S this is not the case;
needless, perhaps, to point out that, given the S-algebra A, with our definition involving a
homomorphism σ : Q → Out(A), we indeed obtain a Teichmüller cocycle map with values
in H3(Q,U(S)). The (unpublished) manuscript [Knu75] offers a purely Amitsur complex
approach. Over a general commutative ring S, (without a name,) the crossed Brauer group is
introduced in [FW71b, p. 43], see also [FW00, Section 3], denoted there by QB(R,Γ) (beware:
that notation Q has nothing to do with our notation Q for a group) where R corresponds
to our notation S and Γ to our notation Q. While none of the papers by Fröhlich and Wall
seems to contain a reference to Teichmüller or to any of the follow-up papers thereof, in
[FW00, Theorem 3.4 (i)], the attentive reader will discover an explicit cocycle description
of the Teichmüller cocycle map (without a name) from the crossed Brauer group XB(S,Q)
to the corresponding third group cohomology group, as well as a cocycle description of the
Teichmüller cocycle map (still without a name) from kRep(Q,BS,Q) to the corresponding third
group cohomology group. Also the injective homomorphism from XB(S,Q) to kRep(Q,BS,Q)
is given in [FW00], as well as a proof of the fact that, for finite Q, this homomorphism is an
isomorphism. Indeed, our construction of the Q-normal algebra associated to a generalized
Q-normal Azumaya algebra given in Subsection 4.10 below involves a variant of a construction
that is used in [FW00] to establish the surjectivity of the homomorphism from XB(S,Q) to
kRep(Q,BS,Q) in the special case where the group Q is finite.
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2 Preliminaries
2.1 Basics
For the reader’s convenience we recall some basic definitions and facts used in the paper.
Below we sometimes write the identity morphism on an object as 1. Given a morphism α
on an object, we occasionally denote the restriction to a subobject by “α|”. Given an action
κ : G→ AutC (C) of a group G on an object C of a category C , we write the action as
G× C −→ C, (x, y) 7−→ xy, x ∈ G, y ∈ C.
The commutative unitary ring S remains fixed, unless the contrary is admitted explicitly,
and the notation ⊗ refers to the tensor product over S. By an S-algebra we mean an algebra
A whose center contains S as a subring; thus given an S-algebra A, S acts faithfully on A. As
in the introduction, a central S-algebra is an S-algebra such that S coincides with the center
of A. Given an S-algebra A (not necessarily central), we denote by Aop the opposite algebra.
Given the S-algebra A, consider the tensor product algebra A⊗Aop; the map
η : A⊗Aop → HomS(A,A), η(a⊗ bop)c = acb, a, b, c ∈ A, (2.1)
turns A into an (A ⊗ Aop)-module. As in [AG60a], we refer to an S-algebra A as being
separable when A is a projective as an (A⊗Aop)-module. A central separable S-algebra A is
also referred to as an Azumaya S-algebra. This agrees with the definition in [Bou61, p. 180]
since, by [AG60a, Theorem 2.1], a central S-algebra A is separable if and only if the map η is
an isomorphism and if, as an S-module, A is finitely generated and projective.
Given an action of a group G on a (not necessarily commutative) ring Λ, written as
(x, t) 7→ xt, for x ∈ G and t ∈ Λ, the twisted group ring ΛtG has as its underlying Λ-module
the free left Λ-module having as its basis the elements of G, with multiplication given by
sxty = s(xt)xy, where s, t ∈ Λ, x, y ∈ G.
Occasionally we use the familiar notation ֌ for an injection and ։ for a surjection.
2.2 Galois extensions of commutative rings
As in the introduction, given a group Q and an action κQ : Q→ Aut(S) of Q on S, relative to
the action, the twisted group ring StQ is defined. Using the notation R = SQ for the subring
of S that consists of all members of S left fixed by every element of Q, consider the R-algebra
homomorphism
j : StQ −→ EndR(S), (j(sq))(x) = s(qx), s, x ∈ S, q ∈ Q.
Furthermore, we consider the S-algebra Map(G,S) of S-valued functions on G with pointwise
multiplication and the S-algebra map
h : S ⊗R S −→ Map(G,S), (h(s1 ⊗ s2))(x) = s1x(s2), s1, s1 ∈ S, x ∈ Q.
Suppose now that the structure map κQ : Q→ Aut(S) is injective and write R = SQ. Thus
Q is now a finite group of operators on the commutative ring S. Under these circumstances,
S|R is defined to be a Galois extension of commutative rings with Galois group Q [CHR65,
Def. 1.4 p. 6] if any of the subsequent equivalent conditions (i)–(iv) holds:
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(i) The ring S is a finitely generated projective R-module, and the R-algebra homomor-
phism j : StQ→ EndR(S) is an isomorphism of R-algebras.
(ii) (Galois descent). Given a left StQ-moduleM , viewed as a left Q-module in the obvious
way, the map
w : S ⊗R MQ −→M, w(s ⊗m) = sm, s ∈ S, m ∈MQ,
is an S-module isomorphism, indeed, an StQ-module isomorphism relative to the obvious
StQ-module structure on S ⊗R MQ.
(iii) Given a member q of Q distinct from the neutral element and a maximal ideal p of S,
there exists s = s(p, q) in S with s− qs not in p.
(iv) The S-algebra map h : S ⊗R S −→ Map(G,S) is an isomorphism of S-algebras.
The equivalence of (i)–(iv) is established in [CHR65, Theorem 1.3 p. 4]. In [AG60a, p. 396],
(i) is taken as the definition of a Galois extension of commutative rings with Galois group Q.
We now recall a somewhat more sophisticated characterization of a Galois extension of
commutative rings that has the advantage of being susceptible to generalization. To this end,
let HQ = Map(Q,R), endowed with the obvious structure of a commutative R-Hopf algebra,
the diagonal ∆: HQ → HQ⊗RHQ being induced by the group structure map of Q. Since the
group Q is finite, the Q-action Q×S → S of Q on S from the left is rational in the sense that
it is determined by the right HQ-comodule structure
∆: S −→ S ⊗R HQ, ∆(s) =
∑
x∈Q
xs⊗ fx, fx(y) = δx,y, x, y ∈ Q, s ∈ S, (2.2)
on S. Let µ : S⊗R S → S denote the multiplication map of S and consider the canonical map
S ⊗R S −→ S ⊗R HQ (2.3)
which arises as the composite
S ⊗R S S⊗R∆−−−−→ S ⊗R S ⊗R HQ
µ⊗RHQ−−−−−→ S ⊗R HQ. (2.4)
The following observation and the corresponding interpretation in terms of Galois objects
is due to [CS69, Ch. II p. 59].
Proposition 2.1. The ring extension S|R (R = SQ) is a Galois extension of commutative
rings with Galois group Q if and only if the following holds:
(v) The canonical map (2.3) is a bijection.
Proof. In view of the canonical isomorphism S ⊗R HQ = S ⊗R Map(Q,R) ∼= Map(Q,S), the
bijectivity of the canonical map (2.3) is equivalent to characterization (iv) above.
Given merely the finite group Q of operators on the ring S, maintaining the notation
R = SQ, we note that S⊗R S acquires a left S-module structure from the left-hand copy of S
and a right HQ-comodule structure ∆: S⊗R S → S⊗R S⊗RHQ from the right HQ-comodule
structure ∆: S → S ⊗R HQ on the right-hand copy of S in S ⊗R S, and the canonical map
(2.3) is a morphism of left S-modules and right HQ-comodules. Hence:
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Proposition 2.2. The ring extension S|R (R = SQ) is a Galois extension of commutative
rings with Galois group Q if and only if the following holds:
(vi) The canonical map (2.3) is an isomorphism of left S-modules and right HQ-comodules.
Characterization (vi) above of a Galois extension of commutative rings generalizes as
follows, cf. [Mon93, 8.1.1 Definition p. 123]: Fix a ground ring k, let H be a Hopf algebra,
write the structure maps as ∆: H → H ⊗ H, µ : H ⊗ H → H, η : k → H (unit), ε : H → k
(counit), and consider an algebra A endowed with a rightH-comodule structure∆: A→ A⊗H.
Then (A,∆) is defined to be a a right H-comodule algebra if, with regard to the multiplication
map µ : H ⊗ H → H of H, the multiplication map µ : A ⊗ A → A of A is a morphism of
right H-comodules and if, furthermore, the unit map η : k → A of A is a morphism of right
H-comodules. Now, consider a right H-comodule algebra (A,∆), recall the operators
d0, d1 : A −→ Hom(H,A), d0(a)(x) = xq, d1(a)(x) = ε(x)a, a ∈ A, x ∈ H (2.5)
and let
B = AcoH = ker(d0 − d1) : A −→ Hom(H,A). (2.6)
Similarly as before, the tensor product A ⊗B A (not necessarily an algebra) acquires a left
A-module structure from the left-hand copy of A in A⊗BA and a right H-comodule structure
A⊗B A→ A⊗B A⊗H from the right H-comodule structure of the right-hand copy of A in
A⊗B A. The extension A|B is defined to be a right H-Galois extension if the canonical map
A⊗B A A⊗∆−−−−→ A⊗B A⊗H µ⊗H−−−−→ A⊗H (2.7)
is an isomorphism of left A-modules and right H-comodules. See Section 22 for an example
of this more general notion of Galois extension.
Example 2.3. Given a (finite) Galois extension K|k of algebraic number fields with Galois
group Q, the extension S|R of the associated rings of integers is a Galois extension of com-
mutative rings with Galois group Q if and only if the extension K|k is unramified [CHR65,
Remark 1.5 (d) p. 7]. This fact is a consequence of [AB59, Theorem 2.5 p. 753]. The property
of being unramified is somewhat rare, however: The field of rational numbers does not possess
any unramified extension. In general, the maximal abelian unramified extension of a number
field k is what is known as the Hilbert class field of k. The Galois group thereof is isomorphic
to the ideal class group of k. See, e. g., [Neu13, Phrase before III.7.9 Theorem p. 164, III.8.8
Theorem p. 172] for details. For a general finite extension K|k of algebraic number fields, the
primes of k which ramify in K are those which divide the discriminant of K over k. Hence only
finitely many primes of k ramify in K. Let SK|k denote the finite set of primes that ramify
in K, let SK denote those primes of K that lie over SK|k, and let RSK|k ⊆ k and SSK ⊆ K
denote the subrings that arise when we invert the primes in SK|k and in SK|k, respectively.
We can make these constructions precise in the language of valuations. Then SSK |RSK|k is a
Galois extension of commutative rings with Galois group Q. We shall come back to this class
of examples in Section 22.
Example 2.4. Given an action µ : Y ×Q→ Y of a finite group Q on a Hausdorff space Y with
orbit space X, the ring extension C0(Y )|C0(X) of the associated rings of continuous functions
is a Galois extension of commutative rings with Galois group Q if and only if the projection
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pr: Y → X is an ordinary regular covering map having the group Q as its group of deck
transformations [CHR65, Remark 1.5 (e) p. 7]. Indeed, this is an immediate consequence of
(iv) above since the projection map pr: Y → X is an ordinary regular covering map with Q as
its group of deck transformations if and only if the canonical map (pr, µ) : Y ×Q→ Y ×X Y
is a homeomorphism. Formally the same property, but phrased in the language of affine
varieties, characterizes affine principal bundles relative to an affine algebraic group Q, the
characterization being spelled out in terms of a right H-Galois extension where H is the
coordinate ring of the algebraic group Q under discussion. See, e. g., [Obe77], [Sch90] for
details. Likewise, an ordinary principal bundle having as structure group a general Lie group
can as well be seen as a generalized Galois extension.
2.3 Crossed modules
A crossed module (C,Γ, ∂) [Whi49, p. 453] consists of groups C and Γ, an action of Γ on
C (from the left), written as (γ, x) 7→ γx, γ ∈ Γ, x ∈ C, and a homomorphism ∂ : C → Γ of
Γ-groups where Γ acts on itself by conjugation, subject to the axiom
bcb−1 = ∂bc, b, c ∈ C.
Given two crossed modules (C,Γ, ∂) and (C ′,Γ′, ∂′), a morphism
(ϕ,ψ) : (C,Γ, ∂) −→ (C ′,Γ′, ∂′)
of crossed modules is given by a commutative diagram
C
ϕ

∂
// Γ
ψ

C ′
∂′
// Γ′
in the category of Γ-groups, the Γ-action on C ′ and Γ′ being induced by the homomorphism
ψ. A crossed 2-fold extension is an exact sequence of groups
e2 : 0 −→M −→ C ∂−→ Γ −→ G −→ 1
involving a crossed module (C,Γ, ∂) [Hue80]; since M is then central in C it is an abelian
group, and the Γ-action on C induces a G-module structure on M . Given two crossed 2-fold
extensions
e2 : 0→M → C ∂→ Γ→ G −→ 1, eˆ2 : 0→ Mˆ → Cˆ ∂ˆ→ Γˆ→ Gˆ −→ 1,
a morphism (α,ϕ, ψ, β) : e2 → eˆ2 of crossed 2-fold extensions is a commutative diagram
0 //M
α

// C
ϕ

∂
// Γ
ψ

// G
β

// 1
0 // Mˆ // Cˆ
∂ˆ
// Γˆ // Gˆ // 1
in the category of groups such that (ϕ,ψ) : (C,Γ, ∂) → (Cˆ, Γˆ, ∂ˆ) is a morphism of crossed
modules; a morphism of crossed 2-fold extensions of the kind (1, ϕ, ψ, 1): e2 → eˆ2 (so that, in
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particular, Mˆ = M and Gˆ = G) is referred to as a congruence. The notion of congruence of
group extensions with abelian kernel is classical, cf. [Mac67, IV.3 p. 109].
When the group G and the G-moduleM are fixed, under the equivalence relation generated
by congruence, the classes of crossed 2-fold extensions starting atM and ending atG constitute
an abelian group Opext2(G,M), and this group is naturally isomorphic to the ordinary group
cohomology group H3(G,M); this fact is a special case of the main result in [Hue80, § 7]. See
also Mac Lane’s Historical Note [Mac79].
3 Stably graded symmetric monoidal categories
We recall some material from the theory of stably graded symmetric monoidal categories
[FW71b], [FW74], [FW00] and explain, in particular, the significance of group-like stably
graded symmetric monoidal categories for our purposes. This enables us to introduce notation
needed thereafter in the paper.
3.1 Symmetric monoidal categories
A symmetric monoidal category [Mac71] consists of a category C , a covariant functor
⊙ : C × C −→ C ,
an object E of C , referred to as the unit object , and natural structure equivalences written
as e : E ⊙ · → · , a : · ⊙ (· ⊙ · ) → ( · ⊙ · ) ⊙ · , and cA,B : A ⊙ B → B ⊙ A, where A
and B range over objects of C ; these pieces of structure are subject to certain nowadays
standard axioms. The terminology in [FW71b], [FW74], [FW00] is ‘monoidal’ for the present
‘symmetric monoidal’. We now recall some more terminology from [op. cit.].
Consider a symmetric monoidal category C . The notation kC refers to the abelian monoid
(with unit) of isomorphism classes of objects of C , usually required to be a set, and U(C )
denotes the group of automorphisms AutC (E) of the unit object E in C [FW74, §2 p. 235].
Given an object C of C , for u ∈ U(C ), the composite
ϑC(u) : C
e−1C−→ E ⊙ C u⊙1C−→ E ⊙ C eC−→ C (3.1)
defines an automorphism of C and, by [FW74, Theorem 2.2 p. 235],
ϑC : U(C ) −→ AutC (C) (3.2)
is a homomorphism, an isomorphism if C is an invertible object of C and, in general, the
subgroup im(ϑC) ⊆ AutC (C) lies in the center of AutC (C). An object C of C is faithful if ϑC
is injective [FW71b, §6 p. 47], [FW74, §4 p. 243].
A symmetric monoidal category C is group-like if every object and every morphism in
C is invertible [FW74, §2 p. 237], [FW00, §1]. In the last reference, the definition of being
group-like is applied only to “precise” symmetric monoidal categories but this is presumably
not intended and, after all, in [FW74], the definition of being group-like is applied to gen-
eral symmetric monoidal categories. The monoid kC associated with a group-like symmetric
monoidal category C is an abelian group.
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3.2 The Brauer category associated with a commutative ring
For later reference, we recall the standard construction of the Brauer group B(S) of the com-
mutative ring S [AG60a, p. 381]. Two Azumaya S-algebras A1 and A2 are Brauer equivalent if
there are faithful finitely generated projective S-modules M1 and M2 such that the Azumaya
S-algebras A1⊗EndS(M1) and A2⊗EndS(M2) are isomorphic S-algebras. Given two faithful
finitely generated projective S-modules M1 and M2, the tensor product M1 ⊗M2 is again a
faithful finitely generated projective S-module, and the S-algebra EndS(M1) ⊗ EndS(M2) is
canonically isomorphic to the S-algebra EndS(M1 ⊗M2). Hence that relation is indeed an
equivalence relation, cf. [AG60a, p. 381], referred to as Brauer equivalence; under the oper-
ation of tensor product and under the assignment to the class of an Azumaya S-algebra A
of the class of its opposite algebra Aop, the equivalence classes constitute an abelian group,
the Brauer group B(S) of S, having the class of S as its unit element. The assignment to a
commutative ring of its Brauer group is a functor from commutative ring to abelian groups.
In particular, the Q-action on S induces a Q-action on the Brauer group B(S) of S that turns
B(S) into a Q-module. Given a homomorphism f : S → T of commutative rings, we denote
by B(T |S) the kernel of the induced homomorphism B(S)→ B(T ). The abelian group B(T |S)
really depends on the homomorphism f rather than just on S and T but, for intelligibility,
we stick to the familiar notation B(T |S) which is classical when S and T are fields (and f
necessarily injective).
Recall that, given two Azumaya S-algebras A and B, a (B,A)-bimodule M is invertible
if there exists an (A,B)-bimodule M ′ such that M ⊗A M ′ ∼= B as (B,B)-bimodules and
M ′ ⊗B M ∼= A as (A,A)-bimodules, cf., e. g., [Bas68]. The Brauer category BS of the
commutative ring S [FW71b, §3 p. 23], [FW74, p. 230], [FW00, §2], written in [FW71b, §3
p. 23] and [FW00, §2] as BR and in [FW74, p. 230] as BrR, has as objects the Azumaya S-
algebras, a morphism [M ] : A→ B in BS between two Azumaya algebras A and B, necessarily
an isomorphism in BS , being an isomorphism class of an invertible (B,A)-bimodule M . Given
three Azumaya S-algebras A, B, C and morphisms [BMA] : A → B and [AMC ] : C → A in
BS , the composite of [BMA] : A → B with [AMC ] : C → A in BS is given by the morphism
[BMA ⊗A AMC ] : C → B in BS , where [BMA ⊗A AMC ] refers to the isomorphism class of
the invertible (B,C)-bimodule BMA ⊗A AMC . The operation of tensor product over the
ground ring S and the assignment to an Azumaya S-algebra A of its opposite algebra Aop
turn BS into a group-like symmetric monoidal category [FW74, §5 p. 247], [FW00, §2] having
U(BS) = Pic(S) [FW00, §3]. The members of the abelian group kBS are Morita equivalence
classes of Azumaya S-algebras. Since Morita equivalence is equivalent to Brauer equivalence,
cf., e. g., [VZ78, p. 41], the canonical homomorphism from B(S) to the abelian group kBS is
an isomorphism. By construction, then, given an Azumaya S-algebra A, its group AutBS (A)
of automorphisms in BS is the group of faithful projective rank one (A,A)-bimodules, and
the assignment to a projective rank one S-module J of the (A,A)-bimodule A ⊗ J yields an
isomorphism Pic(S)→ AutBS (A) of abelian groups.
3.3 Stably graded categories
As before, Q denotes a group. We view Q as a category with a single object. A Q-graded
category is a pair (CQ, g) that consists of a category CQ and a functor g : CQ → Q, the grading
[FW71b, §1 p. 2], [FW74, §3 p. 240], [FW00, §1]. The grading g of a Q-graded category (CQ, g)
is stable if, given an object C of CQ and x ∈ Q, there is an equivalence f in CQ with domain
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C and g(f) = x ∈ Q [FW71b, §1 p. 3], [FW74, §3 p. 240], [FW00, §1].
We usually suppress the functor g from the notation unless it is convenient to spell it
out for clarity. Given a Q-graded category CQ, the notation Ker (CQ) refers to the category
having the same objects as CQ but whose morphisms are only those of grade 1 [FW71b, §1
p. 2], [FW74, §3 p. 240], [FW00, §1]. Below always indicate the fact that a Q-graded category
is under discussion by the subscript −Q. Given a Q-graded category CQ, we then use the
notation C for Ker (CQ).
Given a stably Q-graded category CQ, the group Q acts on kC = kKer (CQ) as follows
[FW71b, §1 p. 3], [FW74, Lemma 3.1 p. 240], [FW00, §1]: Given an object C of C = Ker (CQ)
and x ∈ Q, keeping in mind that Ker (CQ) and CQ have the same objects, choose a morphism
f : C → D in CQ of grade x and define the result of the action x[C] of x on [C] ∈ kC
by x[C] = [D] ∈ kC . This action is well defined, cf. [FW74, §3 pp. 240/41]. Denote kC ,
endowed with this Q-action, by kQCQ, cf. the notation kΓ in [FW74, Lemma 3.1 p. 240]. The
association CQ 7→ kQCQ, as CQ ranges over stably Q-graded symmetric monoidal categories,
defines a functor kQ from the category of stably Q-graded symmetric monoidal categories to
the category QSet of Q-sets, cf. [FW74, Lemma 3.1 p. 240].
A Q-functor [FW74, §3 p. 241] is one over the identity map of Q or, equivalently, a functor
preserving grades of morphisms. Below natural transformation of Q-functors will be required
to be of grade 1. The category Rep(Q,CQ) of representations of Q in a Q-graded category
(CQ, g) is the category of Q-functors F : Q→ CQ, that is, functors F from Q to CQ such that
the composite g ◦ F of F with the grade functor g is the identity functor on Q, and natural
transformations of grade 1 [FW71b, §1 p. 2], [FW74, Introduction, §3 p. 241], [FW00, §1].
Thus an object of Rep(Q,CQ) is a representation h : Q → AutCQ(A), in the category CQ, of
Q on an object A of the category C = Ker (CQ).
Given two Q-graded categories (CQ, g) and (C ′Q, g
′), write CQ ×Q C ′Q for the pull back
category of (g, g′). This pull back category acquires an obvious Q-grading, and this grading is
stable if g and g′ are. The pull back category yields the product in the category of Q-graded
categories.
3.4 Stably graded symmetric monoidal categories
A stably Q-graded symmetric monoidal category [FW74, §3 p. 240], [FW00, §1] consists of
a stably Q-graded category (CQ, g), a covariant Q-functor ⊙ : CQ ×Q CQ → CQ, that is, the
composite h1⊙ h2 of two morphisms h1 and h2 is defined only when h1 and h2 have the same
grade, and g(h1 ⊙ h2) = g(h1) = g(h2), a covariant Q-functor E : Q→ CQ, referred to as the
unit object of CQ, and grade 1 natural equivalences e : E⊙ · → · , a : · ⊙ (· ⊙ · )→ ( · ⊙ · )⊙ · ,
and cA,B : A⊙ B → B ⊙ A, where A and B range over objects of CQ; these equivalences are
subject to the standard axioms.
Let CQ be a stably Q-graded symmetric monoidal category. The category C = Ker (CQ)
acquires an obvious symmetric monoidal category structure having, in particular, E(e) as its
unit object. (N.B.: E is a Q-functor, and e ∈ Q refers to the neutral element of Q.) By
definition, the unit group U(CQ) of CQ is the (abelian) unit group
U(C ) = U(Ker (CQ)) = AutC (E(e))
of the category C = Ker (CQ) [FW71b, (2.4) p. 8], [FW74, §3 p. 241], [FW00, §1].
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The grading induces a surjective homomorphism AutCQ(E(e))→ Q which fits into a group
extension
e
U(C )
CQ
: 1 −→ U(C ) −→ AutCQ(E(e)) −→ Q −→ 1, (3.3)
and E : Q → AutCQ(E(e)) splits this group extension. Thus, via the Q-functor E, the group
AutCQ(E(e)) decomposes as the semi-direct product
AutCQ(E(e)) = U(C )⋊Q, (3.4)
and this decomposition induces a Q-module structure on U(C ) [FW71b, §2 p. 8], [FW74,
§3 p. 241], [FW00, §1]. We use the notation U(CQ) for U(C ), endowed with the Q-module
structure just explained.
Given an object C of CQ, the group AutCQ(C) of automorphisms of C in CQ has the sub-
group of grade 1 automorphisms as a normal subgroup, this subgroup is canonically isomorphic
to the group AutC (C) of automorphisms of C in C = Ker (CQ), and the above homomorphism
ϑC : U(C ) −→ AutC (C) is available, cf. (3.2). An object C of CQ is faithful if it is faithful
as on object of C = Ker (CQ) or, equivalently, if, with a slight abuse of the notation ϑC , the
induced homomorphism
ϑC : U(C ) −→ AutCQ(C) (3.5)
is injective.
The category CQ being a stably Q-graded symmetric monoidal category, the values of the
functor kQ now lie in the category of Q-monoids (monoids endowed with a Q-action that is
compatible with the monoid structure). Given an object C of CQ, the grade homomorphism
AutCQ(C) → Q is surjective if and only if the class [C] ∈ kQCQ is fixed under Q. Hence the
group AutCQ(C) of automorphisms in CQ of a faithful invertible object C of CQ whose class
[C] ∈ kQCQ is fixed under Q fits into a group extension
e
U(C )
C : 1 −→ U(C )
ϑC−→ AutCQ(C) −→ Q −→ 1. (3.6)
The category Rep(Q,CQ) of representations of Q in CQ acquires an obvious symmetric
monoidal category structure. In particular, the constituent E in the definition of a sta-
bly Q-graded symmetric monoidal category CQ is the unit object of Rep(Q,CQ) [FW74, §3
p. 241], and U(Rep(Q,CQ)) ∼= H0(Q,U(CQ)) [FW74, (3.5) p. 242]. By definition, a member of
Rep(Q,CQ), that is, a representation F : Q→ AutCQ(C) of Q by automorphisms in CQ of an
object C of CQ, combined with the grade homomorphism AutCQ(C)→ Q, yields the identity
map of Q whence the class [C] ∈ kQCQ is fixed under Q; if furthermore, C is faithful, the
representation F splits the associated group extension (3.6).
The notion of inverse and the definition of CQ being group-like extend to stably Q-graded
symmetric monoidal categories in an obvious way. When the category CQ is group-like and
has every object faithful, the assignment to an object C of CQ of the group extension (3.6)
induces a homomorphism
ωCQ : H
0(Q, kQCQ) −→ H2(Q,U(C )) (3.7)
of abelian groups. By [FW74, Lemma 3.2 p. 241], if the given stably Q-graded symmetric
monoidal category CQ is group-like, so is the category Rep(Q,CQ). In particular, in the proof
of [FW74, Lemma 3.2 p. 241], an explicit construction is given for the inverse in the category
Rep(Q,CQ) associated with a group-like stably Q-graded symmetric monoidal category CQ.
16
The forgetful functor Rep(Q,CQ)→ Rep({e},CQ) ∼= CQ induces a monoid homomorphism
µCQ : kRep(Q,CQ) → kQCQ whose values lie in H0(Q, kQCQ) since, given an object F of
Rep(Q,CQ), that is, a representation F : Q→ AutCQ(C) of Q on an object C of CQ, the exis-
tence of the homomorphism F plainly entails that the grade homomorphism from AutCQ(C)
to Q is surjective; in fact, when C is a faithful invertible object, F splits the group extension
(3.6).
Let E denote the full symmetric monoidal subcategory of C = Ker (CQ) that has E(e)
as its single object. This category is isomorphic to the abelian group AutC (E(e)) ∼= U(C ),
viewed as a category with a single object. Let EQ denote the associated stably Q-graded
symmetric monoidal category or, equivalently, the stably Q-graded symmetric monoidal sub-
category of CQ having the single object E(e); this category is isomorphic to the group
AutCQ(E(e))
∼= U(C ) ⋊ Q, viewed as a category with a single object. The standard inter-
pretation of H1(Q,U(C )) as classes of sections of (3.3), two sections being identified whenever
they differ by conjugation in AutCQ(E(e)) by a member of U(C ), induces a canonical isomor-
phism
H1(Q,U(C )) −→ Rep(Q,EQ) (3.8)
of abelian monoids whence, since H1(Q,U(C )) is an abelian group, so is Rep(Q,EQ) [FW74,
(4.2) p. 243]. The obvious injection kRep(Q,EQ) → kRep(Q,CQ) of abelian monoids yields
an injection
jCQ : H
1(Q,U(CQ)) −→ kRep(Q,CQ) (3.9)
of abelian monoids. When CQ is group-like and has all objects faithful, the sequence
0 −→ H1(Q,U(CQ))
jCQ−→ kRep(Q,CQ)
µCQ−→ H0(Q, kQCQ)
ωCQ−→ H2(Q,U(CQ)) (3.10)
is an exact sequence of abelian groups [FW71b, Theorem 5 §6 p. 48], [FW74, Theorem 4.5
p. 244], [FW00, §1].
3.5 The stably Q-graded Brauer category associated with a commutative
ring endowed with a Q-action
Given two Azumaya algebras A and B, a (B,A)-bimodule grade x ∈ Q is a (B,A)-bimodule
M so that the left S-module structure of M via S → B and the right S-module structure via
S → A are connected by the identity
ys = (xs)y, y ∈M, s ∈ S.
The Q-graded Brauer category BS,Q associated with the commutative ring S and the Q-action
κQ : Q → Aut(S) on S [FW71b, §3 p. 23], [FW74, p. 230], [FW00, §2], written in [FW71b,
§3 p. 23] and [FW00, §2] as BR and in [FW74, p. 230] as BrR, has as objects the Azumaya
S-algebras, a morphism ([M ], x) : A → B in BS,Q of grade x ∈ Q between two Azumaya
algebras A and B, necessarily an isomorphism in BS,Q, being a pair ([M ], x) where [M ]
is an isomorphism class of an invertible (B,A)-bimodule M of grade x ∈ Q. Given three
Azumaya algebras A, B, C and morphisms ([BMA], x) : A → B and ([AMC ], x) : C → A in
BS,Q, the composite of ([BMA], x) : A → B with ([AMC ], x) : C → A in BS,Q is given by the
morphism ([BMA ⊗A AMC ], x) : C → B of grade x ∈ Q in BS,Q, where [BMA ⊗A AMC ] refers
to the isomorphism class of the invertible (B,C)-bimodule BMA ⊗A AMC . The operation of
tensor product over the ground ring S and the assignment to an Azumaya S-algebra A of
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its opposite algebra Aop turn BS,Q into a group-like symmetric monoidal category [FW74, §5
p. 247], [FW00, §2] having (S, κQ : Q→ Aut(S)) as unit object and
U(BS,Q) = U(BS) = AutBS (S) = Pic(S)
[FW00, §3], the assignment to an object A of BS,Q of the neutral element e of Q and that
to a morphism in BS,Q of its grade in Q yields a functor g from BS,Q to Q, viewed as a
category with a single object, i. e., turn BS,Q into a Q-graded symmetric monoidal category,
and the grading is stable. In particular, the induced Q-action on U(BS,Q) = Pic(S) is the
standard Q-action on Pic(S). Since the category BS,Q is group-like, so is Rep(Q,BS,Q), and
thence kRep(Q,BS,Q) is an abelian group. However, apart from trivial cases, this group is
not the equivariant Brauer group of S relative to Q, this group being defined as the obvious
equivariant generalization of the ordinary Brauer group and explored in Section 9 below.
By construction, then, the assignment to an automorphism in BS,Q of an Azumaya algebra
A of its grade in Q yields a homomorphism
π
AutBS,Q
(A)
: AutBS,Q(A) −→ Q (3.11)
which is surjective if and only if the Brauer class [A] ∈ B(S) of A in B(S) is fixed under Q,
and the group AutBS,Q(A) associated to an Azumaya S-algebra A whose Brauer class [A] is
fixed under Q fits into a group extension of the kind (3.6), viz.
ePic(S)A : 1 −→ Pic(S) −→ AutBS,Q(A)
π
AutBS,Q
(A)
−→ Q −→ 1 (3.12)
with abelian kernel in such a way that the assignment to A of ePic(S)A yields a homomorphism
ωBS,Q : H
0(Q,B(S)) −→ H2(Q,Pic(S)). (3.13)
The sequence (3.10) now takes the form
0 −→ H1(Q,Pic(S))
jBS,Q−→ kRep(Q,BS,Q)
µBS,Q−→ B(S)Q
ωBS,Q−→ H2(Q,Pic(S)) (3.14)
and is an exact sequence of abelian groups since the category BS,Q is group-like. This sequence
is spelled out in [FW71b, Corollary 1 p. 51] as a sequence of abelian monoids, where the
notation kRepB˜S corresponds to our notation kRep(Q,BS,Q). It is also a special case of the
exact sequence of abelian groups given in [FW74, Corollary (4.6) p. 245]. The tilde notation
in the setting of [FW71b] refers to the additional structure of an involution which, however,
is not present in our approach.
The following is immediate; we spell it out for later reference.
Proposition 3.1. Given two Azumaya S-algebras A and B and an invertible (B,A)-bimodule
M so that the isomorphism class of M yields an isomorphism A → B in BS, the induced
isomorphism AutBS,Q(A) → AutBS,Q(B) of groups is given by the assignment to an (A,A)-
bimodule Nx of grade x ∈ Q of the (B,B)-bimodule
M ⊗A Nx ⊗AM∗ ∼= HomA(M,M ⊗A Nx)
of grade x.
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3.6 Picard categories
The Picard category PicS associated with the commutative ring S, written in [FW71b, §2
p. 17], [FW00, §2] as CR, has as objects the faithful finitely generated invertible projective S-
modules, that is, the faithful finitely generated projective rank one S-modules, a morphism in
PicS an isomorphism between two S-modules in PicS . Given three faithful finitely generated
projective rank one S-modules and two morphisms between them, composition in PicS is
defined in the obvious way, that is, via ordinary composition of S-linear maps. The operation
of tensor product over the ground ring S and the assignment to a faithful finitely generated
projective rank one S-module of its S-dual turn PicS into a group-like symmetric monoidal
category having the ground ring S , viewed as a free rank one S-module, as its unit object and
U(PicS) = AutPicS(S) = U(S), the group of units of the ground ring S. The abelian group
kPicS is canonically isomorphic to the ordinary Picard group Pic(S) of S.
The Q-graded Picard category PicS,Q associated with the commutative ring S and the
Q-action κQ : Q → Aut(S) on S, written in [FW00, §3] as CR, has the same objects as PicS,
a morphism (f, x) : J1 → J2 in PicS,Q of grade x ∈ Q between two faithful projective rank S-
modules J1 and J2, necessarily an isomorphism in PicS,Q, being a pair (f, x) where f : J1 → J2
is an isomorphism over R = SQ such that f(sy) = xsf(y), for s ∈ S and y ∈ J1. Given three
faithful finitely generated projective rank one S-modules and two morphisms between them,
composition in PicS,Q is defined in the obvious way, that is, via ordinary composition of S-
linear maps. The operation of tensor product over the ground ring S and the assignment
to a faithful finitely generated projective rank one S-module of its S-dual turn PicS,Q into
a group-like symmetric monoidal category having (S, κQ : Q → Aut(S)) as unit object, and
U(PicS,Q) = U(PicS) = AutPicS(S) = U(S), the group of units of the ground ring S. The
assignment to an object of PicS,Q of the neutral element e of Q and that to a morphism of
its grade in Q turn PicS,Q into a Q-graded symmetric monoidal category, and the grading is
stable. In particular, the induced Q-action on U(PicS,Q) = U(S) is the standard Q-action on
U(S), endowed with its induced Q-module structure. Since the category PicS,Q is group-like,
so is the category Rep(Q,PicS,Q), and thence kRep(Q,PicS,Q) is an abelian group. This group
is canonically isomorphic to the equivariant Picard group EPic(S,Q) of S with respect to the
Q-action κQ : Q → Aut(S) [FW71b, §5 p. 38], [FW71a], [FW00, §3] (written as C(R,Γ) and
referred to as the equivariant class group). The sequence (3.10) now takes the form
0 −→ H1(Q,U(S))
jPicS,Q−→ EPic(S,Q)
µPicS,Q−→ Pic(S)Q
ωPicS,Q−→ H2(Q,U(S)) (3.15)
and is an exact sequence of abelian groups since the category PicS,Q is group-like. This
construction recovers the classical four-term exact sequence associated with the data; this
sequence can, of course, be obtained by straightforward ad hoc constructions. For example,
the Q-action κQ : Q→ Aut(S) splits the group extension
ePicS,Q : 0 −→ U(S) −→ AutPicS,Q(S)
π
AutPicS,Q
(A)
−→ Q −→ 1, (3.16)
and the homomorphism jPicS,Q is induced by the assignment to a derivation d : Q→ U(S) of
the associated section for πAutPicS,Q (A). For later reference we note that the exactness of (3.15)
at EPic(S,Q) says that
jPicS,Q : H
1(Q,U(S)) −→ EPic(S|S,Q) (3.17)
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is an isomorphism from H1(Q,U(S)) onto the subgroup EPic(S|S,Q) of EPic(S,Q) which
consists of classes of objects in Rep(Q,PicS,Q) whose underlying S-modules are free of rank
1.
3.7 Change of actions
We define the change of actions category Change as follows: The objects of Change are triples
(S,Q, κ) that consist of a commutative ring S, a group Q, and an action κ : Q→ Aut(S) of Q
on S; given two objects (S,Q, κQ) and (T,G, κG), a morphism (f, ϕ) : (S,Q, κ) −→ (T,G, κG)
in Change consists of a ring homomorphism f : S → T and a group homomorphism ϕ : G→ Q
such that, given s ∈ S and x ∈ G,
f(ϕ(x)s) = x(f(s)). (3.18)
In this category, composition of morphisms is defined in the obvious way.
To describe the morphisms in a somewhat more picturesque way, given the ring homomor-
phism f : S → T , let AutS(T ) denote the subgroup of Aut(S)×Aut(T ) that consists of those
pairs (α, β) of automorphisms which have the property that β ◦ f = f ◦ α, and let Aut(T |S)
denote the kernel of the obvious homomorphism AutS(T )→ Aut(S). In the special case where
f is injective, the group Aut(T |S) amounts to the ordinary group of automorphisms of T that
leave S elementwise fixed whence the notation. In the general case, given, furthermore, the
homomorphism ϕ : G→ Q, the condition (3.18) says that (κQ ◦ ϕ, κG) : G → AutS(T ) yields
a commutative diagram
1 −−−−→ ker(ϕ) −−−−→ G ϕ−−−−→ Qy (κQ◦ϕ,κG)y κQy
1 −−−−→ Aut(T |S) −−−−→ AutS(T ) −−−−→ Aut(S)
(3.19)
in the category of groups with exact rows.
The stably Q-graded categories BS,Q and PicS,Q behave functorially on Change in an
obvious way with respect to the variable (S,Q). Likewise, group cohomology H∗(Q,U(S)) is a
covariant functor on the change of actions category Change with respect to the variable (S,Q),
and so are kRep(Q,BS,Q) and EPic(S,Q). More examples will show up later.
4 Normal algebras and their Teichmüller complexes
4.1 Normal algebras
Let A be a central S-algebra. Denote by Aut(A) the group of ring automorphisms of A and
by U(A) the group of units of A. The obvious homomorphism ∂ : U(A) → Aut(A) assigns
to a unit of A the associated inner automorphism of A, and the obvious action of Aut(A) on
U(A) turns the triple (U(A),Aut(A), ∂) into a crossed module. Moreover, ker(∂) = U(S), the
group of units of S, and ∂(U(A)) is a normal subgroup of Aut(A). As in the introduction,
write Out(A) = coker(∂).
Each inner automorphism of A leaves S elementwise fixed whence the restriction map
Aut(A) → Aut(S) induces a homomorphism Out(A)→ Aut(S), and the data fit into the
crossed 2-fold extension
eA : 0 −→ U(S) −→ U(A) ∂−→ Aut(A) −→ Out(A) −→ 1. (4.1)
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As in the introduction, let Q be a group and κQ : Q → Aut(S) an action of Q on S by ring
automorphisms. With respect to κQ : Q→ Aut(S), let
Aut(A,Q) = Aut(A)×Aut(S) Q, Out(A,Q) = Out(A)×Aut(S) Q
denote the indicated fiber product groups. The group Aut(A,Q) acts on U(A) in the obvious
way, and this action, together with the obvious map ∂ : U(A) −→ Aut(A,Q), yields a crossed
2-fold extension
e(A,Q) : 0 −→ U(S) −→ U(A) ∂−→ Aut(A,Q) −→ Out(A,Q) −→ 1. (4.2)
As in the introduction, we define a Q-normal structure on the central S-algebra A relative
to the action κQ : Q → Aut(S) of Q on S to be a homomorphism σ : Q → Out(A) that lifts
the action κQ : Q→ Aut(S) of Q on S in the sense that the composite of σ with the obvious
restriction map res : Out(A) → Aut(S) coincides with κQ. A Q-normal algebra is, then, a
central S-algebra A together with a Q-normal structure σ : Q→ Out(A).
Occasionally we refer to the canonical homomorphism Aut(A,Q) → Q as well as to the
canonical homomorphism Out(A,Q)→ Q as a grade homomorphism and to the value in Q of
a member of Aut(A,Q) and, likewise, of a member of Out(A,Q), as the grade of that member.
4.2 Discussion of normality and generalized normality
Given a central S-algebra A, we say that A is weakly Q-normal if each automorphism κQ(x)
of S, as x ranges over Q, extends to a ring automorphism of A. For Azumaya algebras, this is
the notion of Q-normality used by Childs [Chi72], Pareigis [Par64], Ulbrich [Ulb89], [Ulb94],
and Zelinski [Zel76]. Equivalently, a central S-algebra A is weakly Q-normal if and only if the
canonical homomorphism πOut(A,Q) : Out(A,Q)→ Q is surjective.
Let A be an Azumaya S-algebra and let λ be automorphisms of A over the center S of A.
Let λA be the (A⊗Aop)-module which, as an S-module, is just A, and whose structure map
is given by
(A⊗Aop)⊗ λA −→ λ, (a⊗ b)⊗ y 7−→ λ(a)yb, a, b, y ∈ A.
Then
λJ = HomAe(A, λA) ∼= {a ∈ A;λ(x)a = ax, for all x ∈ A}
is a faithful projective rank one S-module in such a way that the canonical evaluation map
HomAe(A, λA)⊗A→ λA
is an isomorphism of Ae-modules, the Ae-module structure on the left-hand side being the one
induced by the canonical Ae-module structure on A.
Let Pic(A) denote the abelian group (under the operation of taking tensor products) that
consists of left A-isomorphism classes of left (A ⊗ Aop)-modules P which, as S-modules, are
finitely generated and projective, such that, for every maximal ideal m in S, the Sm-module
P ⊗ Sm is isomorphic to A⊗ Sm.
Recall the following generalization of the Skolem-Noether theorem [RZ61, Theorem 5].
Proposition 4.1. Given an Azumaya S-algebra A, the assignment to an automorphism λ of
A over S of the class α(λ) = [λJ ] ∈ Pic(S) and the assignment to the class [J ] ∈ Pic(S) of
the class β([J ]) = [A⊗ J ] ∈ Pic(A) yields an exact sequence
1 −→ Out(A|S) α−→ Pic(S) β−→ Pic(A) −→ 1
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of abelian groups. In particular, the group Out(A|S) is an abelian group, and the image
α(Out(A|S)) ⊆ Pic(S) consists of isomorphism classes of projective rank one modules J such
that J ⊗A is isomorphic to A as a left A-module.
The following is immediate.
Corollary 4.2. A weakly Q-normal Azumaya algebra A admits a Q-normal structure if and
only if the associated group extension
eOut(A|S)A : 1 −→ Out(A|S) −→ Out(A,Q)
πOut(A,Q)−→ Q −→ 1 (4.3)
(with abelian kernel) splits, and Q-normal structures on A are then in one-one correspondence
with sections σ : Q→ Out(A,Q) for πOut(A,Q).
The Q-invariant Brauer classes B(S)Q in B(S) constitute a subgroup of B(S), and the
classes of weakly Q-normal Azumaya S-algebras in B(S) constitute a subgroup of B(S)Q;
we denote by B(S,Q) that subgroup of B(S)Q. When the class [A] ∈ B(S) of an Azumaya
S-algebra A is fixed under Q, the algebra A need not be weakly Q-normal, however.
Given a ring automorphism f : B → B of an S-algebra B, we denote by Bf the (B,B)-
bimodule which, as a left S-module, is just B and whose structure map is given by
B ⊗Bf ⊗B −→ Bf , b1 · b · b2 = b1bf(b2), b, b1, b2 ∈ B.
Given an Azumaya S-algebra A, the assignment to an automorphism αx of A that ex-
tends the automorphism κQ(x) of S, as x ranges over the image π
Out(A,Q)(Out(A,Q)) ⊆ Q
of Out(A,Q) in Q under πOut(A,Q), of the invertible (A,A)-bimodule Aαx induces an injective
homomorphism
Θ: Out(A,Q) −→ AutBS,Q(A) (4.4)
such that the composite
Out(A,Q)
Θ−→ AutBS,Q(A)
π
AutBS,Q
(A)
−→ Q (4.5)
coincides with πOut(A,Q) : Out(A,Q)→ Q. Hence:
Proposition 4.3. An Azumaya S-algebra A whose Brauer class [A] ∈ B(S) in B(S) is fixed
under Q is weakly Q-normal if and only if the composite (4.5) is surjective.
Thus, given a weakly Q-normal Azumaya S-algebra A, the diagram
eOut(A|S)A : 1 −−−−→ Out(A|S) −−−−→ Out(A,Q)
πOut(A,Q)−−−−−−→ Q −−−−→ 1
α
y Θy ∥∥∥
ePic(S)A : 1 −−−−→ Pic(S) −−−−→ AutBS,Q(A)
π
AutBS,Q
(A)
−−−−−−−→ Q −−−−→ 1
is commutative with exact rows.
Remark 4.4. In particular, an Azumaya algebra A having α : Out(A|S) → Pic(S) surjective
is weakly Q-normal if its Brauer class [A] ∈ B(S) is fixed under Q. When S is a field, Pic(S)
is trivial whence then an Azumaya algebra A is weakly Q-normal, in fact even normal, if and
only if its Brauer class [A] ∈ B(S) is fixed under Q.
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Remark 4.5. Given a weaklyQ-normal Azumaya S-algebra A, there is a fundamental difference
between the two group extensions eOut(A|S)A and e
Pic(S)
A : The kernel of the former depends on A
whereas that of the latter does not.
A Q-normal Azumaya S-algebra (A, σ) represents a member of B(S,Q)(⊆ B(S)Q) in such
a way that σ splits the associated group extension (4.3), and the composite
Θσ : Q
σ−→ Out(A,Q) Θ−→ AutBS,Q(A) (4.6)
of σ with the homomorphism Θ from Out(A,Q) to AutBS,Q(A) given above as (4.4) yields the
object (A,Θσ) of Rep(Q,BS,Q) and hence a member of kRep(Q,BS,Q). We therefore refer to
an object of Rep(Q,BS,Q) as a generalized Q-normal Azumaya algebra. In Subsection 4.10
we shall show that, when the group Q is finite, each member of kRep(Q,BS,Q) arises in this
manner from a Q-normal Azumaya S-algebra.
4.3 Equivariant algebras and scalar extension
Let Q be a group and κQ : Q→ Aut(S) an action of Q on S. A Q-equivariant S-algebra (A, τ)
consists of a central S-algebra A together with a homomorphism τ : Q→ Aut(A) that induces
κQ.
Let R = SQ be the subring of S which is elementwise fixed under the Q-action. Given a
central R-algebra B, scalar extension B 7→ A = B ⊗R S yields the central S-algebra A; then
the action of Q on A = B ⊗R S induced by the action κQ of Q on S yields a Q-equivariant
structure τ0 : Q→ Aut(A) and hence a Q-normal structure σ0 : Q→ Out(A), and we say that
(A, τ0) and (A, σ0) arise from B by scalar extension. By Galois descent, cf. Subsection 2.2 (ii),
if S|R is a Galois extension of commutative rings with Galois group Q, any Q-equivariant
S-algebra arises by scalar extension.
4.4 The Teichmüller class of a Q-normal algebra
As in the classical approach of Teichmüller [Tei40] and Eilenberg-Mac Lane [EM48], we seek to
classify Q-normal S-algebras modulo those which are obtained by extension of scalars, rather
than modulo the equivariant ones (in case of algebras over fields this makes no difference by
Galois descent), by means of certain 3-dimensional cohomology classes.
Let (A, σ) be a Q-normal S-algebra, with respect to σ : Q → Out(A), let Bσ denote
the fiber product group Aut(A)×Out(A) Q, let Bσ act on U(A) in the obvious way, that is,
via the canonical homomorphism from Bσ to Aut(A), and let ∂σ : U(A) → Bσ denote the
homomorphism induced by ∂ : U(A) → Aut(A). Pulling back the crossed 2-fold extension
(4.1) above yields the crossed 2-fold extension
e(A,σ) : 0 −→ U(S) −→ U(A) ∂
σ−→ Bσ −→ Q −→ 1, (4.7)
uniquely determined by (A, σ). By construction, Bσ may be identified with a certain subgroup
of Aut(A,Q). The crossed 2-fold extension e(A,σ) represents a class [e(A,σ)] ∈ H3(Q,U(S))
[Hue80, Section 7], cf. Section 2 above. We refer to e(A,σ) as the Teichmüller complex of (A, σ)
and to the corresponding class in H3(Q,U(S)) as the Teichmüller class of (A, σ).
For completeness, and for future reference, we indicate how the Teichmüller complex is
related with the classical “Teichmüller cocycle”: Let eQ denote the crossed standard resolution
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of Q introduced in [Hue80, Section 9], and lift the identity map to a commutative diagram of
the kind
eQ : . . . // C2
ξ

// C1
β

// F
α

// Q // 1
e(A,σ) : 0 // U(S) // U(A) // B
σ // Q // 1,
so that (β, α) is a morphism of crossed modules, cf. [Hue80, Section 5]. In view of [Hue80,
Section 9 (∗∗)], the map ξ is a 3-cocycle of Q with values in U(S). By the main Theorem in
[Hue80], the class [e(A,σ)] ∈ H3(Q,U(S)) coincides with the class which, in the cocycle descrip-
tion, is represented by ξ; more precisely, the isomorphism Opext2(Q,U(S)) → H3(Q,U(S))
results from the assignment to a crossed 2-fold extension of a 3-cocycle by the method just
explained. It is manifest that, in case S is a field, Q a finite group of automorphisms of S and
A a finite dimensional central simple S-algebra, the 3-cocycle ξ is a Teichmüller cocycle for A,
cf. Teichmüller [Tei40] and Eilenberg and Mac Lane [EM48], and so [e(A,σ)] then comes down
to the Teichmüller class represented by the Teichmüller cocycle.
Henceforth we denote by e0 the crossed 2-fold extension
e0 : 0 −→ U(S) =−→ U(S) 0−→ Q =−→ Q −→ 1,
the crossed module structure being given by the Q-module structure on U(S).
Proposition 4.6. The Teichmüller class [e(A,σ)] of an equivariant Q-normal S-algebra (A, σ)
is zero.
Proof. There is a congruence morphism (1, ·, ·, 1): e0 → e(A,σ) of crossed 2-fold extensions,
and [e0] = 0 ∈ H3(Q,U(S)), see [Hue80].
4.5 Opposite algebras
Given an algebra A, we denote its opposite algebra by Aop as usual. Let A be a central
S-algebra. The association
α 7→ αˆ, αˆ(aop) = (αa)op, a ∈ A,α ∈ Aut(A),
yields an isomorphism ̂: Aut(A) → Aut(Aop) and, with an abuse of notation, we denote
by ̂: Out(A) → Out(Aop) the induced isomorphism as well. Moreover, inversion yields an
isomorphism (op)−1 : U(A)→ U(Aop), and so we get an isomorphism
(−1, (op)−1, ,̂ )̂ : eA −→ eAop
of crossed 2-fold extensions.
Given a Q-normal S-algebra (A, σ), we equip Aop with a Q-normal structure by setting
σop = ̂◦ σ; we refer to (Aop, σop) as the opposite of (A, σ). Likewise, given a Q-equivariant
S-algebra (A, τ), letting τop = ̂◦ τ , we obtain a Q-equivariant structure on Aop, and we refer
to (Aop, τop) is the opposite of (A, τ).
Proposition 4.7. For a Q-normal S-algebra (A, σ), the isomorphism ̂ induces an isomor-
phism
(−1, ·, ·, 1): e(A,σ) −→ e(Aop,σop)
of crossed 2-fold extensions, and therefore
[e(A,σ)] + [e(Aop,σop)] = 0 ∈ H3(Q,U(S)).
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4.6 Matrix algebras
Now let A be a central S-algebra, and let MI(A) be a matrix algebra over A; if I is not finite,
we interpret MI(A) as being the endomorphism ring of ⊕IAop. The algebra MI(A) is again a
central S-algebra. It is obvious that an automorphism of A yields one of MI(A) in a unique
way, and the obvious map A→ MI(A) is a ring homomorphism. Hence a Q-normal structure
σ : Q→ Out(A) on A determines one on MI(A), and we denote this structure by
σI : Q −→ Out(MI(A));
likewise a Q-equivariant structure τ : Q→ Aut(A) on A determines an obvious Q-equivariant
structure on MI(A), and we denote this structure by
τI : Q −→ Aut(MI(A)).
A special case is A = S and σ = τ = κQ; then we get the obvious equivariant structure κQ,I
on MI(S).
Proposition 4.8. Given a Q-normal S-algebra (A, σ), the obvious algebra map A→ MI(A)
extends to a morphism (A, σ) → (MI(A), σI) of Q-normal S-algebras, and there is an in-
duced congruence (1, ·, ·, 1): e(A,σ) −→ e(MI (A),σI) involving the corresponding crossed 2-fold
extensions. Hence
[e(A,σ)] = [e(MI (A),σI )] ∈ H3(Q,U(S)).
4.7 Tensor products
Given two Q-normal S-algebras (A1, σ1) and (A2, σ2), the Q-normal structures determine
an obvious homomorphism σ1 ⊗ σ2 : Q −→ Out(A1 ⊗ A2) so that (A1 ⊗ A2, σ1 ⊗ σ2) is a
Q-normal S-algebra; likewise, given two Q-equivariant S-algebras (A1, τ1) and (A2, τ2), the
Q-equivariant structures determine an obvious homomorphism τ1 ⊗ τ2 : Q −→ Aut(A1 ⊗ A2)
in such a way that (A1 ⊗A2, τ1 ⊗ τ2) is a Q-equivariant S-algebra.
Given two Q-normal S-algebras (A1, σ1) and (A2, σ2), consider the Baer sum
e(A1,σ1) + e(A2,σ2) : 0 −→ U(S) −→ U(A1)×U(S) U(A2) −→ Bσ1 ×Q Bσ2 −→ Q −→ 1
of the crossed 2-fold extensions e(A1,σ1) and e(A2,σ2), cf. [Hue80] for details. This is a crossed
2-fold extension that represents the sum [e(A1,σ1)] + [e(A2,σ2)] in H
3(Q,U(S)).
Proposition 4.9. There is an obvious congruence
(1, ·, ·, 1): e(A1,σ1) + e(A2,σ2) −→ e(A1⊗A2,σ1⊗σ2)
of crossed 2-fold extensions. Hence
[e(A1⊗A2,σ1⊗σ2)] = [e(A1,σ1)] + [e(A2,σ2)] ∈ H3(Q,U(S)).
Combining Propositions 4.7 and 4.9 with the observation that the Teichmüller class of
(S, κQ) is zero, we see that the Teichmüller classes of Q-normal S-algebras constitute a sub-
group of H3(Q,U(S)).
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4.8 Behavior under change of actions
Proposition 4.10. Let (f, ϕ) : (S,Q, κ) → (T,G, λ) be a morphism in Change between two
given objects (S,Q, κ) and (T,G, λ) of Change, so that the group G acts on S via ϕ : G→ Q.
(i) Given a Q-normal S-algebra (A, σ), the structure map σ and (f, ϕ) induce a canonical
G-normal structure σ(f,ϕ) : G→ Out(T ⊗A) on T ⊗A that is compatible with the operations
of taking opposite algebras and tensor products.
(ii) Given a Q-equivariant S-algebra (A, τ), the structure map τ and (f, ϕ) induce a canonical
G-equivariant structure τ(f,ϕ) : G→ Aut(T⊗A) on T⊗A that is compatible with the operations
of taking opposite algebras and tensor products.
(iii) Given a Q-normal S-algebra (A, σ), the structure map σ and (f, ϕ) induce, in a canonical
way, morphisms
(1, ·, ·, ϕ) : e(A,σϕ) → e(A,σ) and (f, ·, ·, 1): e(A,σϕ) → e(T⊗A,σ(f,ϕ))
of crossed 2-fold extensions. Consequently,
[e(T⊗A,σ(f,ϕ))] = (f, ϕ)∗[e(A,σ)] ∈ H3(G,U(T )),
where (f, ϕ)∗ denotes the map induced on cohomology.
4.9 Embedding algebras into algebras with smaller center
The title of this subsection is intended to remind the reader of Deuring’s paper [Deu36] having
the same title.
As before, Q denotes a group and κQ : Q → Aut(S) an action of Q on the commutative
ring S. Let A be a central S-algebra, let R denote the subring SQ of elements of S that
are elementwise fixed under Q, and let C be an R-algebra containing A as a subalgebra.
We refer to the embedding of A into C as a Deuring embedding with respect to the action
κQ : Q → Aut(S) of Q on A if each automorphism κQ(x), as x ranges over Q, extends to an
inner automorphism of C that maps A to itself. In the special case where A coincides with
the centralizer of T in C, the requirement that each inner automorphism of C that lifts an
automorphism of S of the kind κQ(x) as x ranges over Q map A to itself is redundant.
For technical reasons, we need a stronger notion of Deuring embedding. We now prepare
for the description of this stronger notion.
Thus, let C be an R-algebra that contains A as a subalgebra. Let NU(C)(A) denote the
normalizer of A in the group U(C) of invertible elements of C; the group NU(C)(A) consists of
those u ∈ U(C) such that, for each a ∈ A, the member uau−1 of C already lies in A. Denote
by i : U(A)→ NU(C)(A) the inclusion.
Proposition 4.11. (i) Conjugation in C induces a morphism
(1, η) : (U(A), NU(C)(A), i) −→ (U(A),Aut(A), ∂)
of crossed modules, the requisite action of NU(C)(A) on U(A) being given by conjugation, and
hence an (NU(C)(A)/U(A))-normal structure
η♯ : N
U(C)(A)/U(A) −→ Out(A) (4.8)
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on A. Explicitly, the homomorphism η : NU(C)(A)→ Aut(A) is given by
(η(u))(a) = uau−1 ∈ A, u ∈ NU(C)(A), a ∈ A.
(ii) The induced homomorphism
η♭ : N
U(C)(A)/U(A)
η♯−−−−→ Out(A) res−−−−→ Aut(S)
maps onto the subgroup κQ(Q) ⊆ Aut(S) if and only if the embedding of A into C is a Deuring
embedding, that is, if and only if each automorphism κQ(q) of S, as q ranges over Q, extends
to an inner automorphism of C that normalizes A.
(iii) If A coincides with the centralizer of S in C, then the induced homomorphism η♭ from
NU(C)(A)/U(A) to Aut(S) spelled out in (ii) above is injective.
(iv) Suppose that the given action κQ : Q → Aut(S) of Q on S lifts to a homomorphism
χ : Q→ NU(C)(A)/U(A) in the sense that the combined map
Q
χ−−−−→ NU(C)(A)/U(A) η♭−−−−→ Aut(S) (4.9)
coincides with κQ : Q→ Aut(S). Then the composite
σ : Q
χ−−−−→ NU(C)(A)/U(A) η♯−−−−→ Out(A) (4.10)
of χ with the homomorphism (4.8) in (i) above yields a Q-normal structure σ on A; in par-
ticular, a strong Deuring embedding structure map χ exists and is uniquely determined if A
coincides with the centralizer of S in C.
(v) Given a lift χ : Q→ NU(C)(A)/U(A) in the sense that the composite (4.9) thereof with η♭
coincides with the structure map κQ : Q → Aut(S), the obvious map from the fiber product
group Γ = NU(C)(A)×NU(C)(A)/U(A) Q to Q yields a group extension
1 −→ U(A) j−→ Γ −→ Q −→ 1, (4.11)
the injection j being the obvious homomorphism from U(A) to Γ, and the obvious action
ϑ : Γ→ Aut(A) of Γ on A (induced by conjugation in C or, equivalently, by the homomorphism
η : NU(C)(A)→ Aut(A) in (i) above,) yields a morphism
(1, ϑ) : (U(A),Γ, j) −→ (U(A),Aut(A), ∂) (4.12)
of crossed modules, the requisite action of Γ on U(A) being given by conjugation. The mor-
phism (1, ϑ) of crossed modules, in turn, induces the Q-normal structure (4.10) on A.
Consider a central S-algebra A; given an algebra C over R = SQ, we define a strong
Deuring embedding of A into C relative to the action κQ : Q → Aut(S) of Q on S to be an
embedding of A into C together with a homomorphism χ : Q → NU(C)(A)/U(A) such that
the combined map
Q
χ−−−−→ NU(C)(A)/U(A) η♭−−−−→ Aut(S) (4.13)
coincides with the structure map κQ : Q→ Aut(S).
Given a strong Deuring embedding (A ⊆ C,χ) of the S-algebra A into an algebra C
relative to the action κQ : Q→ Aut(S) of Q on the commutative ring S, the homomorphism
σ : Q→ Out(A) given as (4.10) above yields a Q-normal structure on A, and we say that this
Q-normal structure arises from the strong Deuring embedding (A ⊆ C,χ) of A into C relative
to κQ or that the strong Deuring embedding (A ⊆ C,χ) of A into C relative to κQ induces
the Q-normal structure σ : Q→ Out(A) on A.
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Proposition 4.12. Let C be an algebra over R = SQ, let A ⊆ C be an embedding such
that A coincides with the centralizer of S in C, and suppose that the embedding is a Deuring
embedding with respect to the action κQ : Q→ Aut(S) of Q on S. Then the data determine a
unique group homomorphism χ : Q → NU(C)(A)/U(A) that turns the embedding A ⊆ C into
a strong Deuring embedding with respect to κQ.
Proof. Since A coincides with the centralizer of S in C, the normalizer NU(C)(A) of A in C
coincides with the normalizer NU(C)(S) of S in C. The hypothesis that the embedding of A
into C be a Deuring embedding with respect to the action κQ : Q→ Aut(S) of Q on S, that is,
that each automorphism κQ(q) of S, as q ranges over Q, extends to an inner automorphism of
C entails that the canonical homomorphism from the group NU(C)(S) = NU(C)(A) to Aut(S)
is a surjective homomorphism onto the subgroup κQ(Q) of Aut(S).
Since A coincides with the centralizer of S in C, by Proposition 4.11(iii), the homomor-
phism
η♭ : N
U(C)(A)/U(A) −→ Aut(S)
is injective. Consequently the structure map κQ : Q→ Aut(S) lifts to a uniquely determined
homomorphism χ : Q→ NU(C)(A)/U(A) in the sense that the composite (4.13) coincides with
κQ.
Recall that the Teichmüller class of a Q-normal S-algebra (A, σ) is represented by the
associated crossed 2-fold extension e(A,σ) introduced as (4.7) above.
Proposition 4.13. If a Q-normal structure σ : Q→ Out(A) on a central S-algebra A arises
from a strong Deuring embedding (C,χ) of A into an algebra C over R = SQ, then the Teich-
müller class [e(A,σ)] ∈ H3(Q,U(S)) of (A, σ) is zero.
Proof. This is a consequence of Proposition 4.11(v). Indeed, (U(S) × U(A),Γ, ∂) being en-
dowed with the obvious crossed module structure, let e denote the associated crossed 2-fold
extension
e: 0 −→ U(S) −→ U(S)×U(A) ∂−→ Γ −→ Q −→ 1.
There are obvious congruences (1, ·, ·, 1): e → e(A,σ) and (1, ·, ·, 1): e → e0 of crossed 2-fold
extensions whence the assertion.
Remark 4.14. The morphism (4.12) of crossed modules induces the morphism
(Id, · ) : (U(A),Γ, j) −→ (U(A), Bψ , ∂ψ)
of crossed modules. This morphism of crossed modules displays the fact that, in the language
of abstract kernels, cf. [Mac67, Section IV.8 p. 124], the abstract kernel associated to the
crossed module (U(A), Bψ , ∂ψ) is an extendible kernel. Consequently its obstruction class in
H3(Q,U(S)) vanishes. This obstruction class coincides with the associated Teichmüller class.
Remark 4.15. For the converse of Proposition 4.13, see Theorem 6.4 below.
It seems worthwhile spelling out a special case of Proposition 4.13.
Proposition 4.16. Let C be an algebra over R = SQ that contains A as a subalgebra in such
a way that A coincides with the centralizer of S in C, and suppose that the embedding of A
into C is a Deuring embedding with respect to the action κQ : Q→ Aut(S) of Q on S. Then
the Q-normal structure σ : Q→ Out(A) on A induced by the Deuring embedding of A into C
via the associated homomorphism χ : Q→ NU(C)(A)/U(A) in Proposition 4.12 above has zero
Teichmüller class [e(A,σ)] ∈ H3(Q,U(S)).
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4.10 The normal algebra associated to a generalized normal Azumaya al-
gebra
Until the end of this section, given an algebra A, a left A-module AM and a right A-module
MA, we use the notation A End(AM) for the algebra of left A-endomorphisms and EndA(MA)
for the algebra of right A-endomorphism of MA; accordingly we use the notation AHom( · , · )
and HomA( · , · ).
As before, let R = SQ ⊆ S. Consider an Azumaya S-algebra A, viewed as an object of
BS,Q, let QA ⊆ Q denote the image of the canonical homomorphism AutBS,Q(A) −→ Q, and
consider the associated group extension
ePic(S)A : 1 −→ Pic(S) −→ AutBS,Q(A) −→ QA −→ 1 (4.14)
of the kind (3.12), with QA rather than Q. Then A represents a member of B(S,QA), and
QA = Q if and only if A represents a member of B(S,Q). Let σA : QA → AutBS,Q(A) be a
section for (4.14) of the underlying sets that sends the neutral element of QA to the neutral
element of AutBS,Q(A), not necessarily a homomorphism.
To simplify the exposition, we now suppose that κQ is injective. The general case then
results from the special case with the subgroup κQ(Q) of Aut(S) substituted for Q.
For each x ∈ QA, the value σA(x) ∈ AutBS,Q(A) is an isomorphism class of an invertible
(A,A)-bimodule of grade x ∈ Q, and we choose an invertible (A,A)-bimodule Mx in σA(x);
while Mx depends on σA, we do not indicate this dependence in notation, to simplify the expo-
sition. In particular, Me denotes the algebra A, viewed as an (A,A)-bimodule in the canonical
way. Let MσA = ⊕z∈QAMz and CσA = A End(MσA), the algebra of left A-endomorphisms of
MσA . When the group QA is finite, CσA (as well as C
op
σA
) is an Azumaya S-algebra.
Remark 4.17. The construction of CσA may be found in the proof of [FW00, Theorem 4.1 (ii)]
where it is the basic tool to establish the surjectivity of a homomorphism spelled out below
as (8.4) in the case where the group Q is finite. See also Remark 8.11 below.
Recall that, given a ring automorphism α of CopσA , the notation (MσA)α refers to the right
CopσA
-module structure on MσA given by
MσA ⊗ CopσA −→MσA , m · b = mα(b), m ∈MσA , b ∈ C
op
σA
.
Proposition 4.18. Given a member α of Aut(CopσA , Q), the operation
A⊗ HomCop
σA
(MσA , (MσA)α)⊗A −→ HomCopσA (MσA , (MσA)α)
given by a1 ⊗ ϕ ⊗ a2 7−→ a1 ◦ ϕ ◦ a2 (a1, a2 ∈ A, ϕ ∈ HomCop
σA
(MσA , (MσA)α)) where, for
m ∈ MσA , the value (a1 ◦ ϕ ◦ a2)(m) equals a1(ϕ(a2m)), yields an obvious invertible (A,A)-
bimodule structure on
Nα = HomCop
σA
(MσA , (MσA)α) (4.15)
of grade equal to the grade of α in such a way that the assignment to α of Nα induces an
injective homomorphism ΘCσA
: Out(CσA , Q)→ AutBS,Q(A) that is compatible with the grades
in QA.
We postpone the proof after Theorem 4.20 below.
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Remark 4.19. Suppose that the group QA is finite. Then, by construction, the (A,C
op
σA
)-
module MσA yields an isomorphism MσA : C
op
σA
→ A in BS,Q. By Proposition 3.1, given a
(CopσA
, CopσA
)-bimodule Nx of grade x ∈ Q, the (A,A)-bimodule
MσA ⊗CopσA Nx ⊗C
op
σA
M∗σA
∼= HomCop
σA
(MσA ,MσA ⊗CopσA Nx) (4.16)
of grade x spelled out in Proposition 3.1 represents the image of [Nx] ∈ AutBS,Q(CopσA) in
AutBS,Q(A) under the isomorphism (MσA)∗ : AutBS,Q(C
op
σA
) −→ AutBS,Q(A) induced by the
isomorphism [MσA ] : C
op
σA
→ A in BS,Q.
Theorem 4.20. The central S-algebras CσA and C
op
σA
are weakly QA-normal. Furthermore,
if the section σA : QA → AutBS,Q(A), of the underlying sets, for (4.14) is a homomorphism
and hence defines a generalized QA-normal structure on A, this section σA determines a QA-
normal structure
σCσA
: QA −→ Out(CσA , Q)
on CσA such that
ΘCσA
◦ σCσA = σA : QA → AutBS,Q(A),
and the QA-normal S-algebra (CσA , σCσA
) is then determined by (A, σA) up to within isomor-
phism.
Corollary 4.21. When the group κQ(Q) is finite, the injection B(S,Q)→ H0(Q,B(S)) is the
identity.
Remark 4.22. The main difference between A and CσA is that, while the canonical homo-
morphism from Out(A,QA) to QA is not necessarily surjective, the (grade) homomorphism
Out(CσA , QA) → QA is surjective, and QA coincides with the image QCσA ⊆ Q of the grade
homomorphism Out(CσA , Q)→ Q.
Given a generalized Q-normal Azumaya algebra (A, σA : Q → AutBS,Q(A)), we refer to a
Q-normal algebra of the kind
(CopσA
, σCop
σA
: Q→ Out(CopσA , Q)) = (A End(MσA)
op, σCop
σA
),
the notation being that in Theorem 4.20, as the Q-normal S-algebra associated to (A, σA), the
definite article being justified by the fact that (CopσA , σC
op
σA
) is uniquely determined by (A, σA)
up to within isomorphism.
Proof of the first assertion of Theorem 4.20. From the group extension (3.12) of Q by Pic(S)
we deduce that, given x, y ∈ QA, there is a projective rank one S-module Jx,y and an isomor-
phism
fx,y : Mx ⊗A My −→ Jx,y ⊗Mxy
of (A,A)-bimodules of grade xy. Let x ∈ QA. Then
Mx ⊗A MσA = ⊕y∈QAMx ⊗A My.
Define an isomorphism
βx : Mx ⊗A MσA −→ ⊕y∈QAJx,y ⊗Mxy
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of (A,CopσA)-modules by
βx(mx ⊗my) = fx,y(mx ⊗my) ∈ Jx,y ⊗Mxy, mx ∈Mx,my ∈My, y ∈ QA.
The canonical isomorphisms
can1 : CσA −→ A End(Mx ⊗A MσA), can2 : CσA → A End(⊕y∈QAJx,y ⊗Mxy)
that are induced by the invertible (A,CopσA)-bimodule structures are given by
can1(f)(mx ⊗my) = mx ⊗ f(my), can2(f)(j ⊗mz) = j ⊗ f(mz),
where f ∈ CσA = A End(MσA), mx ∈ Mx, my ∈ My, mz ∈ Mz, j ∈ Jx,y, y, z ∈ Q. The
automorphism αx of C
op
σA
that makes the diagram
CopσA
can1−−−−→ A End(Mx ⊗A MσA)
αx
y βx,∗y
CopσA
can2−−−−→ A End(⊕y∈QAJx,y ⊗Mxy)
commutative yields an automorphism of CopσA that extends the automorphism κQ(x) of S.
Indeed, given ϕ ∈ A End(Mx ⊗A MσA), the value βx,∗(ϕ) ∈ A End(⊕y∈QAJx,y ⊗Mxy) makes
the diagram
Mx ⊗A MσA
ϕ−−−−→ Mx ⊗A MσA
βx
y βxy
⊕y∈QAJx,y ⊗Mxy
βx,∗(ϕ)−−−−→ ⊕y∈QAJx,y ⊗Mxy
commutative. In the standard manner, the assignment to s ∈ S of the A-linear endomorphism
fs : MσA →MσA given by fs(m) = sm (via the left A-module structure on MσA) as m ranges
over MσA embeds S into CσA = A End(MσA). Since, given y ∈ QA, the isomorphism fx,y is
one of (A,A)-bimodules of grade xy, given s ∈ S and mx ∈Mx, my ∈My, j ∈ Jx,y, we find
can1(fs)(mx ⊗my) = mx ⊗ fs(my) = mx ⊗ (smy) = mxs⊗my = (xs)mx ⊗my
βx(can1(fs)(mx ⊗my)) = βx((xs)mx ⊗my) = fx,y((xs)mx ⊗my) = (xs)fx,y(mx ⊗my)
can2(fxs)(j ⊗mz) = j ⊗ (xs)mz = (xs)(j ⊗mz).
Consequently
βx,∗(can1(fs)) = fxs.
Hence the automorphism αx of CσA extends the automorphism κQ(x) of S. Since x ∈ QA is
arbitrary, the algebras CσA and C
op
σA
are weakly QA-normal.
We now prepare for the proof of the “Furthermore” statement of Theorem 4.20. We view
MσA as an (A,C
op
σA
)-bimodule in the obvious manner. By assumption, for each x ∈ QA, the
left A-module structure on Mx induces an isomorphism A → EndAop(Mx) and the right A-
module structure on Mx induces an isomorphism Aop → A End(Mx). These right A-module
structures induce an injection Aop → CσA of S-algebras.
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Given x, y ∈ QA, the (A,A)-bimodule AHom(Mx,My) ∼=M∗x ⊗AMy, necessarily of grade
x−1y, is an S-submodule of CσA in an obvious manner. Let x, y, z ∈ QA; given hy,x : Mx →My
and hz,y : My →Mz, the composite hz,y ◦ hy,x : Mx →Mz is defined so that, as S-modules,
CσA =
∏
u∈QA
⊕
v∈QA
AHom(Mu,Mv) ∼=
∏
u∈QA
AHom(Mu,MσA). (4.17)
Thus, with a grain of salt, we can think of the members of CσA as being matrices whose
columns have only finitely many non-zero entries.
Lemma 4.23. The injection A → CσA End(MσA) = EndCopσA (MσA) given by the assignment
to a ∈ A of fa ∈ CσA End(MσA) where fa(m) = am (m ∈MσA) is an isomorphism.
In the case where the group QA is finite the claim of the lemma is immediate, but for
general QA we must be more circumspect.
Proof. Let f : MσA → MσA be CσA-linear and, given x,w, z ∈ QA, consider the restrictions
f : Mx → Mz and f : My → Mw. Given y ∈ Q and hx,y ∈ AHom(Mx,My), since f is
CσA-linear, the diagram
Mx
f−−−−→ Mz
hx,y
y hx,yy
My
f−−−−→ Mw
is commutative.
Composition of endomorphisms yields a canonical isomorphism
AHom(Mx,My)⊗A (AHom(My,Mx)) −→ A End(Mx) ∼= Aop
of (A,A)-bimodules whence there are finitely many hjx,y ∈ AHom(Mx,My) and
h˜jy,x ∈ AHom(My,Mx) such that
∑
h˜jy,x ◦ hjx,y = IdMx . Accordingly, the diagram
Mx
f−−−−→ Mz
∑
h˜jy,x◦h
j
x,y
y y∑ h˜jy,x◦hjx,y
Mx
f−−−−→ Mz
is commutative. However the right-hand vertical arrow is zero unless x = z. Thus only the
components of f of the kind Mx →Mx are non-zero and, since f is CσA-linear, relative to the
embedding of Aop into CσA , the endomorphism f : Mx →Mx is Aop-linear and hence, in view
of the S-algebra isomorphism A→ EndAop(Mx), on Mx, the endomorphism f is given by left
multiplication by a uniquely determined ax ∈ A so that f(m) = axm.
Now, given x, y ∈ QA, and hx,y ∈ AHom(Mx,My), the diagram
Mx
fax−−−−→ Mx
hx,y
y hx,yy
My
fay−−−−→ My
(4.18)
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is commutative.
However, the evaluation map
AHom(Mx,My)⊗A Mx −→My
is an isomorphism. Hence, given m ∈ My, there are b1, . . . , bk ∈ AHom(Mx,My) and
m1, . . . ,mk ∈Mx such that m =
∑
bjmj. Since the diagram (4.18) is commutative,
fay(m) =
∑
faybjmj =
∑
bjfaxmj .
On the other hand,
∑
bjfaxmj =
∑
faxbjmj = fax
∑
bjmj = fax(m).
Since m ∈ My is arbitrary, we conclude fax = fay , whence the injection A → EndCσA (MσA)
is surjective as asserted.
Corollary 4.24. Given an invertible (A,A)-bimodule N , the injection
ιN : N −→ HomCop
σA
(MσA , N ⊗A MσA), m 7→ fm, fm(w) = m⊗ w, m ∈ N, w ∈MσA ,
is an isomorphism of (A,A)-bimodules.
Proof. The injection ιN is the image of IdN⊗AMσA
under the adjointness isomorphism
ad: EndCop
σA
(N ⊗A MσA) −→ HomA(N,HomCopσA (MσA , N ⊗A MσA)). (4.19)
Since, as a right A-module, N is finitely generated projective, evaluation yields an isomorphism
ev : N ⊗A (HomA(N,HomCop
σA
(MσA , N ⊗A MσA))) −→ HomCopσA (MσA , N ⊗A MσA) (4.20)
of (A,A)-bimodules. In view of Lemma 4.23, the canonical isomorphism
EndCop
σA
(N ⊗A MσA) ∼= EndCopσA (MσA),
combined with the isomorphism A → EndCop
σA
(MσA), identifies EndCopσA
(N ⊗A MσA) with A.
Up to this identification, the injection ιN is the composite
N ⊗A EndCop
σA
(N ⊗A MσA)
ev◦(IdN⊗Aad)−→ HomCop
σA
(MσA , N ⊗A MσA).
Proof of Proposition 4.18. Given ϕ ∈ Nα = HomCop
σA
(MσA , (MσA)α), m ∈MσA , and s ∈ S,
(ϕ ◦ s)(m) = ϕ(s(m));
however, fs(m) = sm (m ∈ MσA) defines a member fs of CopσA = A End(MσA)
op and, by the
definition of (MσA)α,
ϕ(sm) = ϕ(mbs) = ϕ(fs(m)) = fα(s)ϕ(m) = ϕ(m)bα(s) = α(s)ϕ(m)
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whence ϕ ◦ s = α(s) ◦ ϕ. Furthermore,
HomCop
σA
(MσA , (MσA)α)⊗A HomCopσA ((MσA)α,MσA)
∼= EndCop
σA
(MσA)
∼= A,
HomCop
σA
((MσA)α,MσA)⊗A HomCopσA (MσA , (MσA)α)
∼= EndCop
σA
((MσA)α)
∼= A.
Consequently Nα is an invertible (A,A)-bimodule of grade equal to the grade of α as asserted.
We leave the proof of the remaining claims to the reader.
Proof of the “Furthermore” statement of Theorem 4.20. Suppose that the given section σA
from Q to AutBS,Q(A) is a homomorphism of groups. Fix x ∈ QA. The construction of
the extension αx : CσA → CσA of the automorphism κQ(x) of S in the proof of the first state-
ment simplifies since now the constituents Jx,y are trivial, i. e., copies of the commutative ring
S. Thus, given y ∈ QA, there is an isomorphism
fx,y : Mx ⊗A My −→Mxy
of (invertible) (A,A)-bimodules. Then
Mx ⊗A MσA = ⊕y∈QAMx ⊗A My.
Define an isomorphism
βx : Mx ⊗A MσA −→ ⊕y∈QAMxy =MσA ,
of (A,CopσA)-modules by
βx(mx ⊗my) = fx,y(mx ⊗my) ∈Mxy, mx ∈Mx, my ∈My, y ∈ QA.
The canonical isomorphism
canx : CσA −→ A End(Mx ⊗AMσA)
that is induced by the invertible (A,CopσA)-bimodule structure on Mx ⊗A MσA is given by
canx(f)(mx ⊗my) = mx ⊗ f(my), mx ∈Mx, my ∈My, f ∈ CσA = A End(MσA).
The automorphism αx of CσA that makes the diagram
CσA
canx−−−−→ A End(Mx ⊗A MσA)
αx
y βx,∗y
CσA A End(MσA)
commutative yields an automorphism of CσA that extends the automorphism κQ(x) of S. Now,
given ϕ ∈ A End(Mx ⊗A MσA), the value βx,∗(ϕ) makes the diagram
Mx ⊗A MσA
ϕ−−−−→ Mx ⊗A MσA
βx
y βxy
MσA
βx,∗(ϕ)−−−−→ MσA
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commutative. Hence, given b ∈ CσA = A End(MσA),
(αx(b))(βx(mx ⊗m)) = βx(mx ⊗ bm). (4.21)
Consequently, the CσA-module structure on Mx ⊗A MσA being given by
CσA ⊗ (Mx ⊗A MσA) −→Mx ⊗A MσA , f ⊗mx ⊗m 7−→ mx ⊗ f(m),
the isomorphism βx is one of left CσA-modules from Mx ⊗A MσA onto αxMσA or, equiv-
alently, one of right CopσA-modules from Mx ⊗A MσA onto (MσA)αx . We define the value
σCσA (x) ∈ Out(CσA , Q) to be the class of αx in Out(CσA , Q).
By Proposition 4.18, the homomorphism ΘCσA
: Out(CσA , Q) → AutBS,Q(A) sends the
class of αx to the isomorphism class of the invertible (A,A)-bimodule
Nαx = HomCop
σA
(MσA , (MσA)αx)
∼= HomCop
σA
(MσA ,Mx ⊗A MσA) ∼=Mx,
the last isomorphism being a consequence of Corollary 4.24. Hence ΘCσA
sends the class of
αx to the isomorphism class of the (A,A)-bimodule Mx. Consequently ΘCσA
◦ σCσA = σA.
Furthermore, since ΘCσA
is injective and since σA is a homomorphism, the section σCσA , at
first one of the underlying sets, is a homomorphism.
We leave the proof of the claim that the QA-normal S-algebra (CσA , σCσA
) is determined
by (A, σA) up to within isomorphism to the reader.
4.11 The Teichmüller class of a generalized Q-normal Azumaya algebra
Let (A, σA : Q→ AutBS,Q(A)) be a generalized Q-normal Azumaya algebra, and let
(Cop, σCop) = (C
op
σA
, σCop
σA
: Q→ Out(CopσA , Q)) = (A End(MσA)
op, σCop
σA
)
be the Q-normal S-algebra associated to (A, σA). We then refer to the Teichmüller complex
e(Cop,σCop ) of the Q-normal S-algebra (C
op, σCop), cf. (4.7), as the Teichmüller complex of
(A, σA) and to the class [e(Cop,σCop )] ∈ H3(Q,U(S)) as the Teichmüller class of (A, σA).
Theorem 4.25. The assignment to a generalized Q-normal Azumaya algebra (A, σA) of its
Teichmüller class [e(Cop ,σCop )] ∈ H3(Q,U(S)) yields a homomorphism
t : kRep(Q,BS,Q) −→ H3(Q,U(S)) (4.22)
of abelian groups such that, when the generalized Q-normal Azumaya S-algebra (A, σA) arises
from an ordinary Q-normal algebra structure σ : Q→ Out(A,Q) on A,
[e(Cop ,σCop )] = [e(A,σ)] ∈ H3(Q,U(S)). (4.23)
Remark 4.26. A variant of the homomorphism t, written there as χ, is given in [FW00, The-
orem 3.4 (ii)] by the assignment to a generalized Q-normal Azumaya S-algebra of an explicit
3-cocycle of Q with values in U(S). The identity (4.23) is equivalent to the statement of
[FW00, Theorem 3.4 (iii)].
Proof of the first assertion Theorem 4.25. Proposition 4.9, suitably adjusted to the present
situation, entails that t is a homomorphism. We leave the details to the reader.
We postpone the proof of the second assertion of Theorem 4.25 to Subsection 7.2 below.
35
5 Crossed products with normal algebras
As before, Q denotes a group, κQ : Q → Aut(S) an action of Q on the commutative ring
S, and R the subring R = SQ ⊂ S of S that consists of the elements fixed under Q. In
this section, we explore certain crossed products of Q with Q-normal S-algebras. The special
case that involves certain algebras over fields is due to Teichmüller [Tei40], the corresponding
crossed product algebras being referred to in [Tei40] as “Normalringe”.
Consider a central S-algebra A. Suppose that there is a group extension
eQ : 1 −→ K j−→ Γ π−→ Q −→ 1 (5.1)
together with a morphism
(i, ϑ) : (K,Γ, j) −→ (U(A),Aut(A), ∂) (5.2)
of crossed modules having i injective. Such a morphism of crossed modules, in turn, in-
duces a Q-normal structure σϑ : Q → Aut(A) on A. Conversely, given a Q-normal structure
σ : Q→ Out(A) on A, an extension of the kind (5.1) with K = U(A) together with a mor-
phism of crossed modules of the kind (5.2) inducing σ exists if and only if the Teichmüller class
[e(A,σ)] ∈ H3(Q,U(S)) of (A, σ) is zero, cf. the proof of Proposition 4.13 as well as Remark
4.14 above. Thus we consider a Q-normal algebra (A, σ) having zero Teichmüller class and fix
an extension of the kind (5.1) together with a morphism of crossed modules of the kind (5.2).
We remind the reader that the second cohomology group H2(Q,ZK) of Q with values in
the center ZK of K acts faithfully and transitively on the congruence classes of extensions
of the kind (5.1) that have the same outer action Q → Out(K), cf. [Mac67, Section IV.8
Theorem 8.8 p. 128].
5.1 First crossed product algebra construction
Relative to the action of Γ on A given by the homomorphism ϑ : Γ→ Aut(A), let AtΓ be the
twisted group ring of Γ with twisted coefficients in A, and let < y− j(y), y ∈ K > denote the
two-sided ideal in AtΓ generated by the elements y− j(y) ∈ AtK (⊆ AtΓ) as y ranges over K.
Define the algebra (A,Q, eQ, ϑ) to be the quotient algebra
(A,Q, eQ, ϑ) = A
tΓ/ < y − j(y), y ∈ K > .
It is obvious that the ring R (= SQ) lies in the center of (A,Q, eQ, ϑ) whence (A,Q, eQ, ϑ) is
an R-algebra. We refer to the algebra (A,Q, eQ, ϑ) as the crossed product of A and Q, with
respect to eQ and ϑ.
5.2 Second crossed product algebra construction
Relative to the group extension (5.1), let v : Q→ Γ be a section for π of the underlying sets,
i.e., a section which is not necessarily a homomorphism. Assume for convenience that v(1) = 1
and, for q ∈ Q, write vq = v(q). Let ϕ : Q×Q→ K be a corresponding normalized 2-cocycle
relative to v so that
vpvq = ϕ(p, q)vpq, p, q ∈ Q.
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Then the crossed product (A,Q, eQ, ϑ) of A and Q, with respect to the 2-cocycle ϕ and the
homomorphism ϑ : Γ→ Aut(A), is the algebra having ⊕QAvq as its underlying left A-module
and whose multiplicative structure is given by
vqa = (
ϑ(vq)a)vq, vpvq = ϕ(p, q)vpq, a ∈ A, p, q ∈ Q.
In the special case where the group Q is finite, where A = S, and where S|R is a Galois
extension of commutative rings with Galois group Q, that notion of crossed product comes
down to the ordinary crossed product algebra. The more general construction of (A,Q,ϕ, ϑ)
was given, in the classical situation (i.e., S a field etc.), in [Tei40, p. 145] as well as in [EM48,
p. 9], and for Azumaya algebras in [Chi72, p. 13] where S|R was still assumed to be a Galois
extension of commutative rings with Galois group Q.
5.3 Equivalence of the two crossed product algebra constructions
The two notions of crossed product algebra given above are equivalent:
Proposition 5.1. The association
(A,Q, eQ, ϑ) −→ (A,Q,ϕ, ϑ), x 7−→ (xv−1π(x))vπ(x), x ∈ Γ, (5.3)
where xv−1π(x) ∈ K is to be interpreted as a member of A, yields a morphism of algebras and,
likewise, the association vq 7→ vq (q ∈ Q) yields a morphism (A,Q,ϕ, ϑ) → (A,Q, eQ, ϑ) of
algebras; these morphisms preserve the structures and are inverse to each other. Hence the
section v : Q→ Γ, in the category of sets, for the surjection π in the extension (5.1) yields a
basis of the left A-module that underlies the crossed product algebra (A,Q, eQ, ϑ).
Proof. The morphism (5.3) of algebras is plainly well defined and surjective.
By construction, the AtK-module that underlies the R-algebra AtΓ is free, having as
basis the family {vq; q ∈ Q} ⊆ Γ. Furthermore, write the injection K → A as u 7→ au
(u ∈ K); the kernel of the canonical surjection AtK → A of algebras given by the association
AtK ∋ au 7→ aau ∈ A is the two-sided ideal in AtK generated by the elements y− j(y) ∈ AtK
as y ranges overK. Now, the A-module that underlies the algebra (A,Q, eQ, ϑ) arises from AtΓ,
viewed as an AtK-module, through the surjection AtK → A of algebras. By construction, as
an A-module, the algebra (A,Q,ϕ, ϑ) has likewise the family {vq; q ∈ Q} ⊆ Γ as basis whence
(5.3) is an isomorphism of algebras.
Remark 5.2. The classical fact that, up to within isomorphism, the crossed product algebra
depends only on the congruence class of the corresponding group extension extends to our
more general situation in an obvious way; we leave the details to the reader.
5.4 Properties of the crossed product algebra
We write (A,Q, eQ, ϑ) or (A,Q,ϕ, ϑ) according as which construction of the crossed product
algebra is more convenient for the particular situation under discussion. In the special case
where A = S, the action ϑ : Γ → Aut(S) of Γ on S necessarily coincides with the composite
κQ ◦ π. Proofs of the statements below are straightforward; we leave most of them to the
reader.
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Proposition 5.3. (i) The algebra A = Av1 is a subalgebra of the crossed product algebra
(A,Q,ϕ, ϑ) and lies in the centralizer of S.
(ii) If S|R is a Galois extension of commutative rings with Galois group Q, the algebra A
coincides with the centralizer of S. In particular, when A = S, this comes down to the
familiar fact that S is a maximal commutative subring of the algebra (S,Q,ϕ, κQ ◦ π).
(iii) If S|R is a Galois extension of commutative rings with Galois group Q, the ring R coincides
with the center of (A,Q,ϕ, ϑ).
(iv) The group Γ embeds canonically into the normalizer NU(A,Q,ϕ,ϑ)(A) of A in U(A,Q,ϕ, ϑ)
so that, given a = av1 ∈ A and x ∈ Γ,
xax−1 = ϑ(x)a.
In particular, each automorphism κQ(q) of S = Sv1, as q ranges over Q, extends to an inner
automorphism of (A,Q,ϕ, ϑ) that normalizes A. If S|R is a Galois extension of commutative
rings with Galois group Q and if the injection i : K → U(A) is an isomorphism of groups, then
Γ = NU(A,Q,ϕ,ϑ)(A).
Proof of (ii). Let x =
∑
aqvq ∈ (A,Q,ϕ, ϑ) and suppose that xs = sx for each s ∈ S. This
implies that aqvqs = svqaq and therefore (qs − s)aq = 0, for any s ∈ S and q ∈ Q. Consider
q ∈ Q distinct from e ∈ Q. If aq 6= 0 then Saq ⊂ A is a cyclic S-submodule; let J denote the
annihilator ideal of Saq. Since S|R is assumed to be a Galois extension of commutative rings
with Galois group Q, by characterization (iii) of a Galois extension in Subsection (2.2) above,
there is an s ∈ S with qs− s 6∈ J , and so (qs− s)aq 6= 0.
To simplify the notation, we denote by MeQ the left A-module that underlies the crossed
product algebra (A,Q, eQ, ϑ); by construction, as an S-module, MeQ ∼= ⊕QAvq. The crossed
product algebra structure on MeQ yields some additional structure on the central S-algebra
A End(MeQ) ∼= M|Q|(Aop):
Proposition 5.4. (i) With respect to the action of the group Γ on S via the combined map
κQ ◦ π : Γ→ Q→ Aut(S), the association
Γ×MeQ −→MeQ , (x, b) 7−→ xb ∈ (A,Q,ϕ, ϑ), x ∈ Γ, b ∈MeQ , (5.4)
yields an StΓ-module structure on MeQ .
(ii) The induced action β1 : Γ→ Aut(A End(MeQ)) on A End(MeQ) given by
(β1(x)f)b = xf(x−1b), x ∈ Γ, b ∈MeQ , f ∈ A End(MeQ),
is trivial on K ⊂ Γ and hence induces, on A End(MeQ), a Q-equivariant structure
τeQ : Q −→ Aut(A End(MeQ)). (5.5)
(iii) Setting
x(avq) = (
ϑ(x)a)vq, a ∈ A, x ∈ Γ, q ∈ Q,
we obtain another StΓ-module structure on MeQ .
(iv) The action β2 : Γ → Aut(A End(MeQ)) on A End(MeQ) induced by the StΓ-module struc-
ture in (iii) is given by the identity
(β2(x)f)(avq) = a
x(f(vq)), x ∈ Γ, a ∈ A, f ∈ A End(MeQ), q ∈ Q,
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and induces a Q-normal structure σeQ,ϑ : Q→ Out(A End(MeQ)) on A End(MeQ) which, under
the isomorphism A End(MeQ) ∼= M|Q|(Aop) (cf. Subsections 4.5 and 4.6 above), corresponds
to the Q-normal structure σopϑ,|Q| on M|Q|(A
op), i. e., to the Q-normal structure on M|Q|(A
op)
induced by the Q-normal structure σϑ : Q→ Aut(A) on A.
(v) Given x ∈ Γ, the association vq 7−→ xvq ∈ (A,Q,ϕ, ϑ), as q ranges over Q, yields an
A-linear automorphism ix : MeQ →MeQ , i.e., a member of
U(A End(MeQ)) = AAut(MeQ)
∼= GL|Q|(Aop).
(vi) The two StΓ-structures on MeQ given in (i) and (iii) are related by the identity
xb = x(ix(b)), x ∈ Γ, b ∈MeQ .
(vii) Given x ∈ Γ and f ∈ EndA(MeQ),
β2(x−1)(β1(x)f) = ixfi
−1
x .
Thus, in view of (ii), (iv), and (v), the Q-normal structure σeQ,ϑ on A End(MeQ) factors
through the Q-equivariant structure (5.5) on A End(MeQ) and is therefore Q-equivariant.
(viii) Given u ∈ (A,Q,ϕ, ϑ), define fu ∈ EndA(MeQ) by fu(b) = bu ∈ (A,Q,ϕ, ϑ), for b ∈MeQ .
The assignment to uop ∈ (A,Q,ϕ, ϑ)op of fu yields an injection
(A,Q,ϕ, ϑ)op −→ EndA(MeQ)
which identifies the algebra (A,Q,ϕ, ϑ)op with the subalgebra A End(MeQ)
Q of A End(MeQ),
i. e., with the subalgebra that consists of the elements fixed under the Q-equivariant structure
(5.5).
(ix) If S|R is a Galois extension of commutative rings with Galois group Q, then the obvious
map
α : S ⊗R (A,Q,ϕ, ϑ)op −→ A End(MeQ)
given by [α(s ⊗ uop)]b = sbu, for s ∈ S, b ∈ MeQ , u ∈ (A,Q,ϕ, ϑ), is an isomorphism of
S-algebras as well as, relative to the Q-equivariant structure (5.5), an isomorphism of StQ-
modules. In particular, when A = S, this statement recovers the familiar fact that the crossed
product R-algebra (S,Q,ϕ, κQ ◦ π) is split by S.
(x) If S|R is a Galois extension of commutative rings with Galois group Q, then the induced
isomorphism
α♯ : Aut(S ⊗R (A,Q,ϕ, ϑ)op) −→ Aut(A End(MeQ))
identifies the obvious Q-equivariant structure on S ⊗R (A,Q,ϕ, ϑ)op which comes from scalar
extension with the Q-equivariant structure (5.5) on A End(MeQ). Consequently the Q-normal
algebra (A End(MeQ), σeQ ,ϑ) then arises from the R-algebra (A,Q,ϕ, ϑ)
op by scalar extension.
(xi) If S|R is a Galois extension of commutative rings with Galois group Q and if A is an
Azumaya S-algebra, then (A,Q,ϕ, ϑ) is an Azumaya R-algebra.
Concerning statement (x), we note that statement (vii) already implies that that the
Q-normal algebra (A End(MeQ), σeQ,ϑ) arises by scalar extension but statement (x) is more
precise.
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Proof. (vii): Let a ∈ A, x ∈ Γ and q ∈ Q. In view of the definitions of the various actions,(
β2(x−1)(β1(x)f)
)
(avq) = a
x−1
(
(β1(x)f)(vq)
)
= a x
−1(
xf(x−1vq)
)
= a(ixfi
−1
x )(vq)
since, with b = f(x−1vq) ∈MeQ , in view of (vi),
x−1(xb) = ix(b).
(viii): The action of Q on A End(MeQ) in (ii) is given by
(qf)(b) = xf(x−1b), f ∈ A End(MeQ), q ∈ Q,
where x ∈ Γ is a pre-image of q ∈ Q; hence given u ∈ (A,Q,ϕ, ϑ),
(qfu)(b) = xfu(x
−1b) = xx−1bu = bu = fub.
On the other hand, let f : MeQ →MeQ be an A-linear endomorphism of MeQ that is fixed
under Q. Let q ∈ Q and choose a pre-image x ∈ Γ of q. Then, for any a ∈ A,
f(avq) = af(vq) = axf(x
−1vq) = ax
−1xvqf(1) = avqf(1).
Hence f is given by multiplication in (A,Q,ϕ, ϑ) by f(1). The argument really comes down
to the standard fact that, for any ring Λ, the algebra Λ End(Λ) is canonically isomorphic to
Λop.
(ix): This follows from Proposition 5.4(viii) since, by Galois descent, cf. Subsection 2.2 (ii),
the canonical map S ⊗R A End(MeQ)Q → A End(MeQ) is an isomorphism of S-algebras.
(xi): In view of Proposition 5.4(ix), S ⊗R (A,Q,ϕ, ϑ) is an Azumaya S-algebra, i.e., a central
separable S-algebra. By [AG60a, Corollary A.5 p. 398], the ring S is separable over R and
therefore, by [AG60a, Theorem 2.3 p. 374], the algebra S ⊗R (A,Q,ϕ, ϑ) is separable over R.
By [AG60a, Proposition A.3], as an R-module, the ring R is a direct summand of S and hence,
by [AG60a, Proposition 1.7], (A,Q,ϕ, ϑ) is separable over R. By Proposition 5.3(iii) above,
the ring R coincides with the center of (A,Q,ϕ, ϑ).
Remark 5.5. Proposition 5.4(xi) is related with [Chi72, Corollary 5.2 p. 13] and with [Kan64,
Theorem 4 p. 110].
Remark 5.6. Consider the special case where (A, σ) is the ground ring S, endowed with the
given Q-action κQ : Q → Aut(S), and suppose that the group Q is finite and that κQ is
injective so that Q is a finite group of operators on S. Then the above crossed product
construction is classical, and the assignment to a group extension e: U(S) ֌ Γ
πΓ
։ Q of its
associated crossed product algebra (S,Q, e, κQ ◦ πΓ) yields the familiar homomorphism
H2(Q,U(S)) −→ B(S|R) (5.6)
into the subgroup B(S|R) of the Brauer group B(R) of R = SQ that consists of the Brauer
classes split by S. When S is, furthermore, a field, the homomorphism (5.6) is an isomorphism.
In that case, the inverse of (5.6) is induced by the assignment to a central simple R-algebra
A having S as a maximal commutative subfield of the group extension
eA : 0 −−−−→ U(S) −−−−→ NU(A)(S) −−−−→ Q −−−−→ 1. (5.7)
40
Here, similarly as before, NU(A)(S) designates the normalizer of S in the group U(A) of
invertible elements of A, and the canonical homomorphism NU(A)(S)→ Q is surjective, in view
of the Skolem-Noether theorem. Thus, when S|R is a Galois extension of general commutative
rings with Galois group Q, given an Azumaya R-algebra A that contains S as a maximal
commutative subalgebra, the algebra A can be written as a crossed product algebra with
respect to the Q-action on S if and only if the canonical homomorphism NU(A)(S) → Q is
surjective.
Remark 5.7. Formally similar crossed products have been explored in the literature in the
framework of C∗-algebras. See Section 24 for details.
6 Normal algebras with zero Teichmüller class
As before, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q on S.
Theorem 6.1. The Teichmüller class of a Q-normal S-algebra (A, σ) is zero if and only if,
for I = Q, the Q-normal structure σI on the matrix algebra MI(A) is equivariant.
Proof. In view of Propositions 4.6 and 4.8, the condition is sufficient.
To show that the condition is necessary, consider a Q-normal algebra (A, σ) having zero
Teichmüller class; then so has the opposite algebra (Aop, σop), by Proposition 4.7. Consider
the crossed module (U(Aop), Bσ
op
, ∂) which defines the crossed 2-fold extension e(Aop,σop) as-
sociated to (Aop, σop). By [Hue80, §10 Theorem], there is a group extension
e: 1 −→ U(Aop) j−→ Γ −→ Q −→ 1
together with a morphism
(1, ϑˆ) : (U(Aop),Γ, j) −→ (U(Aop), Bσop , ∂)
of crossed modules inducing the identity map of Q. Via the canonical homomorphism from
Bσ
op
to Aut(Aop), the morphism (1, ϑˆ) of crossed modules yields a morphism
(1, ϑ) : (U(Aop),Γ, j) −→ (U(Aop),Aut(Aop), ∂)
of crossed modules that induces σop. Then EndAop(Aop, Q, e, ϑ) = M|Q|(A) and, by Proposi-
tion 5.4(vii), the Q-normal structure σ|Q| : Q→ Aut(M|Q|(A)) is equivariant.
When S|R is a Galois extension of commutative rings with Galois group Q, Theorem 6.1
has an obvious consequence to be phrased in terms of extensions of scalars, by Galois descent,
cf. Propositions 4.6, 5.4(ix) and 5.4(x). We content ourselves with the following simplified
form which in the classical case comes down to the corresponding result of Teichmüller [Tei40],
see also Eilenberg-Mac Lane [EM48].
Corollary 6.2. Suppose that S|R is a Galois extension of commutative rings with Galois
group Q. Then the Teichmüller class of a Q-normal S-algebra (A, σ) is zero if and only if, for
some matrix algebra MI(A), the Q-normal structure arises by scalar extension.
Remark 6.3. In the corollary one cannot in general assert that, if the Teichmüller class of a
Q-normal S-algebra (A, σ) is zero, the Q-normal structure σ : Q→ Out(A) itself comes from
scalar extension, see [EM48, § 14]. Likewise, the Q-normal structure σ in Theorem 6.1 not in
general itself be Q-equivariant.
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The Teichmüller class of a Q-normal S-algebra (A, σ) is the obstruction to the existence of
a strong Deuring embedding relative to κQ : Q→ Aut(S) of A into an algebra C over R = SQ,
in the following sense:
Theorem 6.4. The Teichmüller class of a Q-normal S-algebra (A, σ) is zero if and only if A
admits a strong Deuring embedding
(C,χ : Q→ NU(C)(A)/U(A))
relative to κQ : Q → Aut(S) into an algebra C over R = SQ that induces the Q-normal
structure σ on A (in the sense that the associated homomorphism (4.10) coincides with σ, cf.
Proposition 4.11(v)). Hence a central S-algebra A admits a strong Deuring embedding relative
to κQ : Q → Aut(S) into some algebra C over R = SQ if and only if A admits a Q-normal
structure with zero Teichmüller class.
Proof. Proposition 4.13 entails that a Q-normal structure arising from a strong Deuring em-
bedding (relative to the structure map κQ : Q→ Aut(S)) has zero Teichmüller class.
Conversely, consider a Q-normal S-algebra (A, σ) with zero Teichmüller class. Since the
Teichmüller class is zero, there is a group extension
e: 1 −→ U(A) j−→ Γ π−→ Q −→ 1, (6.1)
cf. (5.1) above, together with a morphism
(1, ϑ) : (U(A),Γ, j) −→ (U(A),Aut(A), ∂) (6.2)
of crossed modules that induces σ, cf. (5.2) above. The embedding of A into the crossed
product algebra C = (A,Q, e, ϑ), cf. Proposition 5.3(i), together with the homomorphism
χ : Q→ NU(C)(A)/U(A) induced by the injection Γ→ NU(C)(A), cf. Proposition 5.3(iv), is a
strong Deuring embedding of A into C relative to κQ : Q→ Aut(S) that induces the Q-normal
structure σ on A.
Remark 6.5. Under the circumstances of Theorem 6.4, since Γ injects into NU(C)(A), the
structure map χ : Q→ NU(C)(A)/U(A) is injective as well.
Theorem 6.4 generalizes the corresponding results of Teichmüller [Tei40], in view of the
following.
Corollary 6.6. Let S|R be a Galois extension of commutative rings with Galois group Q, and
let (A, σ) be a Q-normal S-algebra. Then the Teichmüller class of (A, σ) is zero if and only if
there is a central R-algebra C which contains A in such a way that
(i) the centralizer of S in C coincides with A, and
(ii) each automorphism of S|R, i.e., each member q of Q, extends to an inner automorphism
α of C which (in view of (i)) maps A to itself, in such a way that the class of α|A in Out(A)
coincides with σ(q). Moreover, if A is an Azumaya S-algebra then C may be taken to be an
Azumaya R-algebra.
Proof. The “if” part of the first assertion was given in Proposition 4.16. On the other hand,
given a Q-normal S-algebra (A, σ) with zero Teichmüller class, the algebra C in the proof of
Theorem 6.4 will have the desired properties, by Propositions 5.3 and 5.4(xi).
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In the classical case considered by Deuring [Deu36] and Teichmüller [Tei40] there was no
need to spell out condition (ii) in Corollary 6.6, in view of the Skolem-Noether theorem.
The crossed product construction yields sort of a “generic” solution of the Deuring embed-
ding problem, provided the solution exists, that is, the obstruction vanishes:
Theorem 6.7. Let (A, σ) be a Q-normal S-algebra. Suppose that A admits a strong Deuring
embedding (C,χ : Q → NU(C)(A)/U(A)) relative to the action κQ : Q → Aut(S) of Q on S
into an algebra C over R = SQ that induces the Q-normal structure σ on A in the sense
that the composite of χ with the homomorphism η♯ : NU(C)(A)/U(A) → Out(A) induced by
conjugation in the normalizer NU(C)(A) of A in the group U(C) of invertible elements of C
coincides with the Q-normal structure σ : Q → Out(A) on A, cf. Theorem 6.4 above. Then
the strong Deuring embedding of A into C determines a group extension
e: 1 −→ U(A) j−→ Γ −→ Q −→ 1,
together with a morphism
(1, ϑ) : (U(A),Γ, j) −→ (U(A),Aut(A), ∂)
of crossed modules that induces σ, and the data induce a morphism
(A,Q, e, ϑ) −→ C (6.3)
of algebras over R = SQ which is compatible with the strong Deuring embeddings.
Proof. Let e be the group extension (4.11) and (1, ϑ) the morphism (4.12) of crossed modules.
Recall that NU(C)(A) denotes the normalizer of A in the group U(C) of invertible elements of
C. By construction, the group Γ is the fiber product group Γ = NU(C)(A) ×NU(C)(A)/U(A) Q,
the requisite homomorphism from Q to NU(C)(A)/U(A) being the strong Deuring embedding
structure map χ : Q→ NU(C)(A)/U(A).
The canonical morphism AtΓ → C of algebras induces the morphism (A,Q, e, ϑ) → C
of algebras we seek. In particular, this morphism of algebras restricts to a homomorphism
U(A,Q, e, ϑ) → U(C) between the groups of invertible elements, and this homomorphism, in
turn, restricts to a homomorphism
NU(A,Q,e,ϑ)(A) −→ NU(C)(A)
from the normalizer NU(A,Q,e,ϑ)(A) of A in U(A,Q, e, ϑ) to the normalizer NU(C)(A) of A in
U(C). The composite
Q −−−−→ NU(A,Q,e,ϑ)(A)/U(A) −−−−→ NU(C)(A)/U(A) (6.4)
of the strong Deuring embedding structure map with respect to (A,Q, e, ϑ) and the induced ho-
momorphism NU(A,Q,e,ϑ)(A)/U(A) → NU(C)(A)/U(A) yields the strong Deuring embedding
structure map χ.
7 Induced normal and equivariant structures
As before, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q on S,
and let R = SQ. Recall that a split algebra over S is an algebra which is isomorphic to an
algebra of endomorphisms of some faithful S-moduleM . If S is a field, any split algebra admits
an obvious Q-equivariant structure. However, if S is an arbitrary ring and M a faithful S-
module, some more structure on M is necessary to guarantee the existence of a Q-equivariant
structure on A = EndS(M) or at least of a Q-normal structure as we now explain.
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7.1 Induced Q-normal structures
Consider an S-module M . Suppose that M admits an StΓ-module structure for some group
Γ which maps onto Q in such a way that Γ acts on the coefficients from S via the projection
π : Γ→ Q, that is to say, Γ acts on M by semi-linear transformations in the sense that
x(sy) = (π(x)s)(xy), x ∈ Γ, s ∈ S, y ∈M. (7.1)
The group U(EndS(M)) of invertible elements of EndS(M) coincides with the group AutS(M).
The action of Γ on M restricts to an ordinary representation α : ker(π) → AutS(M) of
ker(π) on M by S-linear transformations. The inclusion i : ker(π) → Γ and the action
of Γ on ker(π) constitute a crossed module, and the action of Γ on M induces an action
β : Γ→ Aut(EndS(M)) of Γ on EndS(M) in such a way that
(α, β) : (ker(π),Γ, i) −→ (U(EndS(M)),Aut(EndS(M)), ∂) (7.2)
is a morphism of crossed modules; this morphism of crossed modules induces a Q-normal
structure σ = σ(α,β) : Q → Out(EndS(M)) on EndS(M), and we refer to such a structure
as an induced Q-normal structure on EndS(M). Accordingly we define an induced Q-normal
split algebra to be a Q-normal algebra of the kind (EndS(M), σ) for some faithful S-module
M , where σ is an induced Q-normal structure on EndS(M).
Let M be an S-module. Define the subgroup Aut(M,Q) of AutR(M)×Q by
Aut(M,Q) = {(α, x); α(sy) = xs α(y), s ∈ S, y ∈M} ⊆ AutR(M)×Q, (7.3)
and let πAut(M,Q) : Aut(M,Q) → Q denote the obvious homomorphism. The following is
immediate, and we spell it out for later reference.
Proposition 7.1. (i) The homomorphism πAut(M,Q) : Aut(M,Q) → Q has AutS(M) as its
kernel.
(ii) The homomorphism πAut(M,Q) is surjective if and only if M admits an StΓ-module structure
for some group Γ which maps onto Q in such a way that Γ acts on the coefficients from S via
the projection π : Γ → Q, that is to say, Γ acts on M by semi-linear transformations in the
sense that (7.1) holds. If this happens to be the case, the group Aut(M,Q) fits into a group
extension
1 −→ AutS(M) −→ Aut(M,Q) π
Aut(M,Q)−→ Q −→ 1. (7.4)
(iii) Suppose that the homomorphism πAut(M,Q) is surjective. Then the group extension (7.4)
splits if an only if M admits an StQ-module structure, and the StQ-module structures on M
are in bijective correspondence with the sections Q→ Aut(M,Q) for πAut(M,Q).
(iv) In particular, a free S-module M admits an StQ-module structure and, if M has finite
rank, the StQ-module structures on M are parametrized by S-bases.
(v) Suppose that M is a free S-module of finite rank. Then every Q-equivariant structure
on EndS(M), necessarily an induced one, arises from an StQ-module structure on M , and
the Q-equivariant structures on the central S-algebra EndS(M) are parametrized by classes of
StQ-module structures s : Q→ Aut(M,Q) (sections for πAut(M,Q)) on M ; indeed, two sections
s1, s2 : Q→ Aut(M,Q) for πAut(M,Q) induce the same Q-equivariant structure on the S-algebra
EndS(M) if and only if, relative to the obvious injection U(S) → AutS(M), the two sections
s1 and s2 differ by a derivation Q→ U(S). Furthermore, EndS(M) acquires a unique induced
Q-normal structure σ : Q→ Out(EndS(M), Q), necessarily an equivariant one.
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Proof. We sketch an argument for statement (v). When M is free of finite rank, the homo-
morphism β : Pic(S) → Pic(EndS(M)) in the generalized Skolem-Noether theorem, i. e., in
Proposition 4.1 above, is an isomorphism and hence every S-linear automorphism of EndS(M)
is an inner automorphism. This observation implies the assertion. We leave the details to the
reader.
Remark 7.2. Proposition 7.1(ii) shows that, in the definition of an induced Q-normal structure
on a split algebra EndS(M) over some faithful S-module M , we may take the group Γ to be
the group Aut(M,Q).
Proposition 7.3. Given an S-module M , the Teichmüller class [e(A,σ)] ∈ H3(Q,U(S)) of an
induced Q-normal structure σ : Q→ Out(A) on A = EndS(M) is zero.
Proof. The Q-normal structure σ is induced by a semi-linear action of some group Γ on M
that maps onto Q in such a way that Γ acts on the coefficients via this projection, combined
with κQ : Q → Aut(S). The corresponding morphism (7.2) of crossed modules induces a
commutative diagram
1 −−−−→ ker(π) −−−−→ Γ π−−−−→ Q −−−−→ 1
α
y βσy ∥∥∥
U(A)
∂σ−−−−→ Bσ −−−−→ Q −−−−→ 1
with exact rows, cf. (4.7) for the notation ∂σ etc. This implies that the Teichmüller class
[e(A,σ)] ∈ H3(Q,U(S)) is zero.
7.2 Proof of the second assertion of Theorem 4.25
Suppose that the generalized Q-normal Azumaya S-algebra (A, σA) arises from an ordinary
Q-normal algebra structure σ : Q → Out(A,Q) on A. Then the construction of MσA and
CσA , cf. Subsection 4.10 above, simplifies as follows: For each x ∈ Q, let εx : A → A be an
automorphism of grade x that lifts the automorphism κQ(x) of S, and take Mx to be the
(A,A)-bimodule Aε(x), that is, the algebra A itself, viewed as an invertible (A,A)-bimodule
of grade x via the structure map
A⊗Aε(x) ⊗A −→ Aε(x), a1 · a · a2 = a1a(ε(x)(a2)), a, a1, a2 ∈ A.
Furthermore, given x, y ∈ Q, the isomorphism fx,y : Aε(x) ⊗A Aε(y) → Aε(xy) may be taken to
be an inner automorphism of A in the sense that, for some invertible member u of A, given
a1 ⊗ a2 ∈ Aε(x) ⊗A Aε(y), the value fx,y(a1 ⊗ a2) equals ua1a2u−1. Now MσA = ⊕z∈QAε(z) is
a free left A-module.
From the obvious isomorphisms
EndS(MσA) =
∏
u∈QA
⊕
v∈QA
HomS(Mu,Mv) ∼=
∏
u∈QA
HomS(Mu,MσA) (7.5)
we deduce that the canonical homomorphism A ⊗ C → EndS(MσA) is an isomorphism of
S-algebras. (This is immediate when the group κQ(Q) ⊆ Aut(S) is finite.) Under this
isomorphism, the tensor product Q-normal structure σ ⊗ σC on A ⊗ C corresponds to an
induced Q-normal structure on EndS(MσA). In view of Proposition 4.9, Proposition 7.3 entails
that the sum [e(A,σ)] + [e(C,σC )] ∈ H3(Q,U(S)) is zero whence, in view of Proposition 4.7,
[e(Cop,σCop )] = [e(A,σ)] ∈ H3(Q,U(S)) as asserted.
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7.3 Induced Q-equivariant structures
Consider an S-module M . Suppose that M admits an StΓ-module structure for some group
Γ which maps onto Q in such a way that Γ acts on the coefficients from S via the projection
π : Γ → Q, consider the associated morphism (7.2) of crossed modules, and suppoas that α
maps ker(π) to U(S) ⊆ U(EndS(M)). Then the homomorphism β induces a Q-equivariant
structure τ = τ(α,β) : Q → Aut(EndS(M)) on EndS(M), and we refer to such a structure
as an induced Q-equivariant structure on EndS(M). Accordingly, we define an induced Q-
equivariant split algebra to be a Q-equivariant algebra of the kind (EndS(M), τ) for some
faithful S-module M , where τ is an induced Q-equivariant structure on EndS(M).
Let M be an S-module let τ : Q → Aut(EndS(M)) be a Q-equivariant structure on
EndS(M), let Aut(M,Q, τ) denote the subgroup of Aut(M,Q) defined by
Aut(M,Q, τ) = {(α, x); α(ay) = (τ(x)a)α(y), a ∈ EndS(M), y ∈M} ⊆ AutR(M)×Q,
and let πAut(M,Q, τ) : Aut(M,Q, τ) → Q denote the canonical homomorphism. The following
is immediate.
Proposition 7.4. (i) The homomorphism πAut(M,Q, τ) : Aut(M,Q, τ) → Q has U(S) as its
kernel.
(ii) The homomorphism πAut(M,Q, τ) is surjective if and only if M admits an StΓ-module struc-
ture for some group Γ which maps onto Q in such a way that Γ acts on M by semi-linear
transformations via the projection π : Γ→ Q in the sense that (7.1) holds and such that ker(π)
maps to U(S). If this happens to be the case, the group Aut(M,Q, τ) fits into a group extension
eM,τ : 1 −→ U(S) −→ Aut(M,Q, τ) πAut(M,Q, τ)−→ Q −→ 1. (7.6)
Remark 7.5. Let M be a faithful S-module. Proposition 7.4(ii) shows that, in the definition
of an induced Q-equivariant structure on the split algebra EndS(M) over M , given a Q-
equivariant structure τ : Q → Aut(EndS(M)) on EndS(M), we may take the group Γ to be
the group Aut(M,Q, τ).
Lemma 7.6. Given a faithful S-module M , let τ : Q → Aut(EndS(M)) be a Q-equivariant
structure on the central S-algebra EndS(M), and suppose that π
Aut(M,Q) : Aut(M,Q) → Q is
surjective. Then πAut(M,Q, τ) : Aut(M,Q, τ) → Q is surjective as well, whence τ is then an
induced Q-equivariant structure.
Proof. By Proposition 7.1(ii), the homomorphism πAut(M,Q) : Aut(M,Q) → Q is surjective
and induces, via the associated action β : Aut(M,Q) → Aut(EndS(M)) of Aut(M,Q) on
EndS(M), the Q-normal structure στ : Q→ Out(EndS(M)) on EndS(M) associated to τ .
The canonical homomorphism Aut(M,Q, τ)→ Q is surjective. Indeed, let x ∈ Aut(M,Q).
Then the automorphisms β(x) and τ(πAut(M,Q)(x)) of EndS(M) have the same image in
Out(EndS(M)) whence there exists an S-linear automorphism α˜x of M so that, given a ∈
EndS(M),
α˜x(
β(x)a)α˜−1x =
τ(π(x))a.
Consequently, given q ∈ Q and a pre-image x ∈ Aut(M,Q) of q,
α˜x(
x(ay)) = (τ(q)a)α˜x(
xy), a ∈ EndS(M), y ∈M ;
thus the automorphism αx ∈ AutR(M) given by αx(y) = α˜x(xy) then yields a pre-image
(αx, q) ∈ Aut(M,Q, τ) of q ∈ Q. Hence the canonical homomorphism from Aut(M,Q, τ) to Q
is surjective. By construction, the induced action of Aut(M,Q, τ) on EndS(M) induces the
given Q-equivariant structure τ on EndS(M).
Corollary 7.7. Given a Q-equivariant structure τ : Q → Aut(EndS(M)) on the central S-
algebra EndS(M) over a faithful S-module M , suppose that the associated Q-normal structure
στ : Q → Out(EndS(M)) on EndS(M) associated to τ is induced as a Q-normal structure.
Then the Q-equivariant structure τ on EndS(M) is an induced Q-equivariant structure.
7.4 Induced Q-equivariant structures and crossed product algebras
Suppose that the group Q is a finite group. Let M be a faithful finitely generated projective
S-module and τ : Q→ Aut(EndS(M)) an induced Q-equivariant structure on the split central
S-algebra EndS(M). With respect to an associated group extension e: U(S)
i
֌ Γ
πΓ
։ Q and
morphism
(j, β) : (U(S),Γ, i) −→ (AutS(M),Aut(EndS(M)), ∂)
of crossed modules inducing the Q-equivariant structure τ , let Me denote the StΓ-module
that underlies the crossed product algebra (S,Q, e, κQ ◦ πΓ), by construction, free as an S-
module, let τe : Q→ Aut(EndS(Me)) denote the associated induced Q-equivariant structure on
EndS(Me), and consider the S-module HomS(M,Me), necessarily finitely generated projective
and faithful. The association
End(M)op ⊗ EndS(Me)⊗ HomS(M,Me) −→ HomS(M,Me) (7.7)
which, for h ∈ EndS(M), f ∈ EndS(Me), ϕ ∈ HomS(M,Me), is given by
h⊗ f ⊗ ϕ 7−→ f ◦ ϕ ◦ h,
identifies the central S-algebras EndS(M)op ⊗ EndS(Me) and EndS(HomS(M,Me)).
Proposition 7.8. The diagonal action of Γ on HomS(M,Me) given by the association
(α,ϕ) 7−→ α(ϕ) = α ◦ ϕ ◦ α−1, α ∈ Γ, ϕ ∈ HomS(M,Me),
is trivial on U(S) = ker(πΓ) and hence descends to an StQ-module structure
Q× HomS(M,Me) −→ HomS(M,Me) (7.8)
on HomS(M,Me). Consequently, in terms of the notation τ0 for the Q-equivariant structure
on (EndS(HomS(M,Me)) induced by (7.8),
(EndS(M)
op ⊗ EndS(Me), τop ⊗ τe) ∼= (EndS(HomS(M,Me)), τ0)
as Q-equivariant central S-algebras.
Proof. For both M and Me, the restriction of the Γ-action to the kernel U(S) of πΓ coincides
with the U(S)-module structure coming from multiplication by members of the coefficient ring
S. This implies the assertion.
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8 Crossed Brauer group, generalized crossed Brauer group, and
Picard group
8.1 Crossed Brauer group
As before, S denotes a commutative ring and κQ : Q → Aut(S) an action of a group Q on
S. Given a faithful finitely generated projective S-module, the central S-algebra EndS(M) is
an Azumaya algebra. We say that two Q-normal Azumaya S-algebras (A1, σ1) and (A2, σ2)
are normally Brauer equivalent if there are faithful finitely generated projective S-modules
modules M1 and M2 together with induced Q-normal structures
ρ1 : Q→ Out(B1), B1 = EndS(M1), ρ2 : Q→ Out(B2), B2 = EndS(M2),
such that (A1⊗B1, σ1⊗ρ1) and (A2⊗B2, σ2⊗ρ2) are isomorphic Q-normal S-algebras. Since
the tensor product of two induced Q-normal split algebras is again an induced Q-normal split
algebra in an obvious manner, that relation, referred to henceforth as normal Brauer equiva-
lence, is indeed an equivalence relation, similarly as in [AG60a, p. 381], and this equivalence
relation is compatible with the operation of taking tensor products. Hence the equivalence
classes constitute an abelian monoid; moreover, given a Q-normal Azumaya S-algebra (A, σ),
the map (2.1) being an isomorphism, the S-algebra (A⊗Aop, σ⊗σop) is an induced Q-normal
split algebra, the requisite semi-linear action on the S-module that underlies A being given
by the action Bσ → Aut(A) of the fiber product group Bσ = Aut(A)×QOut(A) with respect
to σ : Q → Out(A) that yields the crossed 2-fold extension (4.7), and so, taking the class of
(Aop, σop) as the inverse of the class of (A, σ), we get in fact an abelian group, the identity
element being the equivalence class of induced Q-normal split algebras (EndS(M), σ) where
M ranges over faithful finitely generated projective S-modules having the property that the
obvious homomorphism πAut(M,Q) from Aut(M,Q) to Q is surjective, cf. Proposition 7.1 above.
In particular, (S, κQ) represents the identity element. We refer to that group as the crossed
Brauer group of S relative to κQ : Q→ Aut(S), denote this group by XB(S,Q), and we refer
to the construction just given as the standard construction. An equivalent construction of the
crossed Brauer group (as the cokernel of a homomorphism of certain abelian monoids) is given
in [FW71b, Theorem 4 p. 43], [FW00, Section 3, a few lines before Theorem 3.2] (written as
QB(R,Γ)), cf. (19.6) below.
Theorem 8.1. The crossed Brauer group is a functor on the change of actions category
Change introduced in Subsection 3.7 in such a way that the following hold.
(i) The assignment to a Q-normal Azumaya S-algebra of its Teichmüller complex yields a
natural homomorphism
t : XB(S,Q) −→ H3(Q,U(S)) (8.1)
of abelian groups.
(ii) The class [(A, σ)] ∈ XB(S,Q) of a Q-normal Azumaya S-algebra (A, σ) is zero if and only
if, for some faithful finitely generated projective S-module M , the algebra A is isomorphic to
EndS(M) in such a way that σ is an induced Q-normal structure.
Proof. Functoriality of the crossed Brauer group is a consequence of Proposition 4.10(i) to-
gether with the fact that induced structures on split algebras are preserved under change of
rings. Statement (i) is a consequence of Proposition 7.3, combined with Propositions 4.7, 4.9
and 4.10(iii). We leave the details to the reader. As for Statement (ii), the “if” statement is
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manifest but the “only if” statement is not. We shall complete the proof thereof in the next
subsection.
Remark 8.2. A variant of the homomorphism (8.1), written there as ρ, is given in [FW00, The-
orem 3.4 (i)] by the assignment to a Q-normal Azumaya S-algebra of an explicit 3-cocycle of Q
with values in U(S). The statement of Theorem 8.1(ii) generalizes [AG60a, Proposition 5.3].
8.2 Crossed Brauer group and Picard group
Given a morphism (f, ϕ) : (S,Q, κ) → (T,G, λ) in the change of actions category Change
introduced in Subsection 3.7, we denote by XB(T |S;G,Q) the kernel of the induced homo-
morphism from XB(S,Q) to XB(T,G). Thus XB(S|S;Q,Q) is the trivial group whereas
XB(S|S; {e}, Q) is the kernel of the forgetful homomorphism from XB(S,Q) to B(S). The
notation XB( · ; · , · ) might look a bit heavy to the reader; we use it for the sake of consistency
with a similar notation for the equivariant case which we introduce in Section 16.
We now define a homomorphism from XB(S|S; {e}, Q) to H1(Q,Pic(S)). To this end,
let M be a faithful finitely generated projective S-module, and consider the split S-algebra
EndS(M). Given an algebra automorphism α of EndS(M), let αM denote the EndS(M)-
module whose EndS(M)-module structure is given by the formula
a · x = (αa)y , a ∈ EndS(M), y ∈M ;
in particular, S then acts on αM by
s · y = (α|s)y, s ∈ S, y ∈M,
and so the association a 7→ αa yields an isomorphism EndS(M) → EndS(αM) of S-algebras.
Consequently, J(α) = HomEndS(M)(
αM,M) is a faithful finitely generated projective rank
one S-module, cf., e. g., [RZ61, Lemma 9], and the evaluation map
Hom(αM,M)⊗ EndS(M)
αM −→M
is an isomorphism of S-modules [AG60b, Prop. A.6].
Now, let σ be aQ-normal structure on EndS(M). Then (EndS(M), σ) represents a member
of XB(S|S; {e}, Q). Let w : Q→ Aut(EndS(M)) be a morphism of the underlying sets which
lifts σ.
Lemma 8.3. Let w′ : Q → Out(EndS(M)) be another lifting of σ. Given q ∈ Q, there is an
S-linear automorphism αq : M →M so that
w(q)a = αq(
w′(q)a)α−1q : M −→M, a ∈ EndS(M),
whence the class [J(w(q))] ∈ Pic(S) depends only on M and σ and not on the choice of w.
Hence the map
d(M,σ) : Q −→ Pic(S), d(M,σ)(q) = [J(w(q))] ∈ Pic(S), q ∈ Q, (8.2)
is well-defined in the sense that it does not depend on the choice of w.
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Proof. This is an immediate consequence of the exactness of the sequence
AutS(M) −→ Aut(EndS(M)) −→ Out(EndS(M)) −→ 1.
The following is immediate.
Proposition 8.4. Given q, r ∈ Q, the S-modules J(w(qr)) and J(w(q)) ⊗ qJ(w(r)) are iso-
morphic in an obvious way. Consequently the map d(M,σ) defined by (8.2) is a derivation on
Q with values in Pic(S).
Proposition 8.5. The class of d(M,σ) in H
1(Q,Pic(S)) depends only on (EndS(M), σ) and
not on a particular choice of M .
Proof. Let M ′ be another faithful finitely generated projective S-module having the property
that EndS(M) and EndS(M ′) are isomorphic central S-algebras. Then
J = HomEndS(M)(M,M
′)
is a faithful finitely generated projective rank one S-module in such a way that M ′ and M ⊗J
are isomorphic EndS(M)-modules under the obvious map, the EndS(M)-action on the latter
being given by
a(y ⊗ f) = ay ⊗ f, a ∈ EndS(M), y ∈M, f ∈ J.
Given q ∈ Q, the module HomS(qJ, S) represents q[J ]−1 ∈ Pic(S), and so d(M,σ) and d(M ′,σ)
differ by the inner derivation
Q −→ Pic(S), q 7−→ [J ](q[J ]−1), q ∈ Q.
Hence the class of d(M,σ) in H
1(Q,Pic(S)) depends only on (EndS(M), σ) and not on the
choice of M .
Proposition 8.6. Suppose that the Q-normal structure σ on EndS(M) is induced. Then
d(M,σ) is zero.
Proof. Some semi-linear action of some group Γ on M maps onto Q via (say) π : Γ→ Q and
yields an action β : Γ → Aut(EndS(M)) of Γ on EndS(M) which, in turn, induces σ. Let
w′ = Q → Γ be a section for π of the underlying sets, and let w = βw′. Then each finitely
generated projective rank one S-module J(w(q)) = HomEndS(M)(
w(q)M,M), as q ranges over
Q, is isomorphic to S, and so d(M,σ) is zero.
Proposition 8.7. Suppose that d(M,σ) is an inner derivation, that is to say, there is a faithful
finitely generated projective rank one S-module J so that, for each q ∈ Q, the S-modules
J(w(q)) and qJ ⊗ HomS(J, S) are isomorphic. Then (EndS(M), σ) is an induced Q-normal
split algebra.
Proof. For each q ∈ Q,
HomEndS(M)(
w(q)(M ⊗ J),M ⊗ J) ∼= J(w(q)) ⊗HomS(qJ, S)⊗ J ∼= S.
Hence, replacing M by M ⊗ J , we may assume that EndS(M) has the property that each
projective rank one S-module HomEndS(M)(
w(q)M,M) is a free S-module Suq on a single
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generator uq, necessarily an isomorphism uq : w(q)M → M of EndS(M)-modules. For each
q ∈ Q, the isomorphism uq then satisfies the identity
(uq)
−1(ay) = w(q)a(uq)
−1(y), a ∈ EndS(M), y ∈M.
Thus each q ∈ Q extends to a semi-linear transformation of M , and (EndS(M), σ) is therefore
an induced Q-normal split algebra.
Given a Q-normal Azumaya S-algebra (A, σ) that represents a member of XB(S|S; e,Q),
in view of normal Brauer equivalence, there are faithful finitely generated projective S-modules
M1 and M2 together with an induced Q-normal structure σ1 : Q → Out(EndS(M1)) on
EndS(M1) such that A ⊗ EndS(M1) and EndS(M2) are isomorphic as central S-algebras
and, under this isomorphism, the Q-normal structure σ ⊗ σ1 on A ⊗ EndS(M1) corresponds
to a Q-normal structure σ2 : Q→ EndS(M2) on EndS(M2).
Theorem 8.8. The assignment to the class [(A, σ)] ∈ XB(S|S; {e}, Q) of a Q-normal Azu-
maya S-algebra (A, σ) that represents a member of XB(S|S; e,Q) of [dM2,σ2 ] ∈ H1(Q,Pic(S))
yields an injective homomorphism
ι : XB(S|S; {e}, Q) −→ H1(Q,Pic(S)) (8.3)
which is, furthermore, natural on the change of actions category Change introduced in Subsec-
tion 3.7 above.
Proof. Propositions 8.5 and 8.6 entail that (8.3) is well-defined, and Proposition 8.7 implies
that the map (8.3) is injective. We leave the proofs that the map (8.3) is a natural homomor-
phism of abelian groups to the reader.
Remark 8.9. The injectivity of (8.3) may be found in [FW00, Theorem 3.3].
Proof of Theorem 8.1 (ii). Suppose that [(A, σ)] = 0 ∈ XB(S,Q). By [AG60a, Proposi-
tion 5.3], there is a faithful finitely generated projective S-moduleM such that A ∼= EndS(M),
and [(EndS(M), σ)] = 0 ∈ XB(S|S; {e}, Q). Then the derivation d(M,σ) is an inner derivation
whence, by Proposition 8.7, (EndS(M), σ) is an induced Q-normal split algebra.
8.3 The generalized crossed Brauer group
Inspection shows that the assignment to a Q-normal Azumaya algebra (A, σ) of the associated
generalized Q-normal Azumaya algebra of Rep(Q,BS,Q), cf. (4.6), yields a homomorphism
θ : XB(S,Q) −→ kRep(Q,BS,Q) (8.4)
of abelian groups, cf. [FW00, Section 3, a few lines before Theorem 3.2; Theorem 3.3]. We
therefore refer to kRep(Q,BS,Q) as the generalized crossed Brauer group of S relative to
κQ : Q→ Aut(S). Let can : B(S,Q)→ H0(Q,B(S)) denote the canonical injection.
Theorem 8.10. (i) The diagram
0 // XB(S|S; {e}, Q)
ι

// XB(S,Q)
θ

// B(S,Q)
can

0 // H1(Q,Pic(S))
jBS,Q
// kRep(Q,BS,Q)
µBS,Q
// H0(Q,B(S))
(8.5)
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is a commutative diagram of abelian groups with exact rows whence, in particular, the ho-
momorphism θ is injective; here jBS,Q is the homomorphism of abelian group (3.9) above for
CQ = BS,Q, and µBS,Q refers to the canonical homomorphism, cf., e. g., the sequence (3.14)
above.
(ii) The composite of θ with (4.22) coincides with (8.1).
(iii) If the group Q is finite, the homomorphism θ is surjective and hence an isomorphism
whence ι is then an isomorphism as well.
(iv) If the group Q is finite, the homomorphism can : B(S,Q)→ H0(Q,B(S)) is the identity.
In particular, when the group Q is a finite group, the exact sequence (3.14) is valid with
XB(S,Q) substituted for kRep(Q,BS,Q).
Remark 8.11. The injectivity of (8.4) may be found in [FW71b, Theorem 4 p. 43], [FW00,
Theorem 3.3], but spelled out for monoids rather than groups. The commutative diagram (8.5)
is essentially the diagram in [FW00, Theorem 3.3]. Statement (ii) above is equivalent to the
statement of [FW00, Theorem 3.4 (iii)]. Statement (iii) above is equivalent to the statement
of [FW00, Theorem 4.1 (ii)].
Proof. Commutativity of the diagram (8.5) is straightforward, and the injectivity of ι, estab-
lished in Theorem 8.8 above, entails that of θ. Statement (ii) follows at once from Theorem
4.25. Statement (iii) is an immediate consequence of the fact that in case the group Q is finite,
given the generalized Q-normal Azumaya S-algebra (A, σ), the associated Q-normal algebra
(Cop, σCop), cf. Theorem 4.20, is a Q-normal Azumaya S-algebra that represents a member of
XB(S,Q) which, under θ, goes to the class of (A, σ) in kRep(Q,BS,Q). Statement (iv) is the
statement of Corollary 4.21.
9 The equivariant Brauer group
As before, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q on S.
9.1 The construction
Given a split algebra EndS(M) for some faithful S-module M , we refer to an induced Q-
equivariant structure φ : Q → Aut(EndS(M)) on EndS(M) that arises from an StQ-module
structure on M as a trivially induced Q-equivariant structure, and we then refer to
(EndS(M), φ) as a trivially induced Q-equivariant split algebra. We say that two Q-equivariant
Azumaya S-algebras (A1, τ1) and (A2, τ2) are equivariantly Brauer equivalent if there are StQ-
modules M1 and M2 whose underlying S-modules are faithful finitely generated projective
such that, relative to the associated Q-equivariant structures
φ1 : Q→ Aut(B1), B1 = EndS(M1), φ2 : Q→ Aut(B2), B2 = EndS(M2),
the algebras (A1⊗B1, τ1⊗φ1) and (A2⊗B2, τ2⊗φ2) are isomorphic Q-equivariant S-algebras.
Since the tensor product of two trivially induced Q-equivariant split algebras is again a trivially
induced Q-equivariant split algebra in an obvious manner, that relation is an equivalence
relation, referred to henceforth as equivariant Brauer equivalence, cf. Section 8 above or
[AG60a, p. 381]; under the operation of tensor product and under the assignment to the class
of an equivariant algebra (A, τ) of the class of (Aop, τop), the equivalence classes constitute
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an abelian group, the identity element being the equivalence class of trivially induced Q-
equivariant split algebras (EndS(M), τ) where M ranges over StQ-modules whose underlying
S-module is faithful and finitely generated projective. This group is the equivariant Brauer
group of S with respect to κQ : Q→ Aut(S), introduced in [FW71a] and [FW71b, p. 40]. We
denote this group by EB(S,Q), and we refer to the construction just given as the standard
construction.
9.2 Some properties of the equivariant Brauer group
Let R = SQ. It is manifest that extension of scalars yields an obvious homomorphism
B(R) → EB(S,Q). If S|R is a Galois extension of commutative rings with Galois group
Q, by Galois descent, cf. Subsection 2.2 (ii), that homomorphism is actually an isomorphism.
In the general case of an arbitrary action κQ : Q→ Aut(S) of Q on S, the following holds.
Theorem 9.1. (i) The equivariant Brauer group is a functor on the change of actions category
Change introduced in Subsection 3.7.
(ii) The assignment to a Q-equivariant Azumaya S-algebra of its canonically associated Q-
normal S-algebra yields a natural homomorphism
res : EB(S,Q) −→ XB(S,Q).
(iii) The composite
EB(S,Q)
res−→ XB(S,Q) t−→ H3(Q,U(S)) (9.1)
is zero. If furthermore, the group Q is finite, the sequence (9.1) is exact and, furthermore,
necessarily natural in the data.
Proof. This follows from the observation that induced equivariant structures on split algebras
are preserved under change of rings, together with Proposition 4.10(ii) and Theorem 6.1; we
only note that in case that Q is a finite group the matrix algebra M|Q|(A) over an Azumaya
S-algebra is again an Azumaya S-algebra.
9.3 Group extensions and equivariant Azumaya algebras
We maintain the notation R = SQ. Let eQ : U(S)
ieQ
֌ ΓQ
πeQ
։ Q be a group extension. Then the
crossed product R-algebra (S,Q, eQ, κQ ◦ πeQ) is defined. By construction, the left S-module
MeQ that underlies the algebra (S,Q, eQ, κQ◦πeQ) is free with basis in one-one correspondence
with the elements of Q, and the Q-equivariant structure (5.5), viz.
τeQ : Q −→ Aut(S End(MeQ)),
is defined. When the group Q is finite, the algebra S End(MeQ) is an Azumaya S-algebra.
Proposition 9.2. Suppose that the group Q is finite. Then the assignment to a group exten-
sion eQ of Q by U(S) of the Q-equivariant algebra (S End(MeQ)
op, τopeQ) yields a homomorphism
cpr : H2(Q,U(S)) −→ EB(S,Q) (9.2)
of abelian groups that is natural on the change of actions category Change.
Remark 9.3. When S|R is a Galois extension of rings with Galois group Q, Galois descent,
cf. Subsection 2.2 (ii), yields an isomorphism EB(S,Q) ∼= B(R), and (9.2) amounts to the
composite of (5.6) with the injection B(S|R)→ B(R).
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10 The seven term exact sequence
Theorem 10.1. Suppose that the group Q is finite. Then the extension
. . . −→ (Pic(S))Q
ωPicS,Q−→ H2(Q,U(S)) cpr−→ EB(S,Q) res−→ XB(S,Q) t−→ H3(Q,U(S)) (10.1)
of the exact sequence (3.15) is defined and yields a seven term exact sequence that is natu-
ral in terms of the data. If, furthermore, S|R is a Galois extension of commutative rings
over R = SQ with group Q, then, with Pic(S|R), Pic(R) and B(R) substituted for, respec-
tively H1(Q,U(S)), EPic(S,Q) and EB(S,Q), the homomorphisms cpr and res being modified
accordingly, the sequence is exact as well.
Remark 10.2. The lower long sequence in [FW00, Theorem 4.2] yields a long exact sequence
of the kind (10.1).
Proof. The exactness at XB(S,Q) follows from Theorem 6.1 or Theorem 9.1.
Exactness at H2(Q,U(S)): Let J be a finitely generated projective rank one S-module rep-
resenting a class in (Pic(S))Q, consider the group Aut(J,Q) ∼= AutPicS,Q(J), i. e., the group
(7.3) with J substituted for M , and let
eJ : 0 −→ U(S) −→ Aut(J,Q) πJ−→ Q −→ 1 (10.2)
be the associated group extension (3.6) with PicS,Q substituted for CQ so that
ωPicS,Q [J ] = [eJ ] ∈ H2(Q,U(S)).
Consider the crossed product R-algebra (S,Q, eJ , κQ ◦ πJ), let MeJ denote the free S-module
that underlies (S,Q, eJ , κQ ◦ πJ), and recall that the corresponding association (5.4), now of
the kind Aut(J,Q) ×MeJ → MeJ , induces, on the Azumaya S-algebra EndS(MeJ ), via the
association
(α, f) 7−→ α(f) = α ◦ f ◦ α−1, α ∈ Aut(J,Q), f ∈ EndS(MeJ ),
an induced Q-equivariant structure τeJ : Q→ Aut(EndS(MeJ )) where we do not distinguish in
notation between α ∈ Aut(J,Q) and the associated semi-linear automorphism α : MeJ →MeJ .
By construction, then, the value cpr([eJ ]) ∈ EB(S|S;Q,Q) ⊆ EB(S,Q) is represented by the
Q-equivariant Azumaya algebra (End(MeJ )
op, τopeJ ).
Since J is a faithful finitely generated projective rank one S-module, the operation of
composition (f, ϕ) 7−→ f♯(ϕ) = f ◦ ϕ, as f ranges over End(MeJ ) and ϕ over HomS(J,MeJ ),
induces an isomorphism
EndS(MeJ ) −→ EndS(HomS(J,MeJ )), f 7−→ f♯, (10.3)
of S-algebras. Since the restriction of the Aut(J,Q)-action on MeJ to the kernel U(S) of
πJ coincides with the U(S)-module structure coming from multiplication by members of the
coefficient ring S, the diagonal action of Aut(J,Q) on HomS(J,MeJ ) given by the assignment
to (α,ϕ) of αJ (ϕ) = α ◦ ϕ ◦ α−1, where α ∈ Aut(J,Q) and ϕ ∈ HomS(J,MeJ ), descends to
an action
Q× HomS(J,MeJ ) −→ HomS(J,MeJ ) (10.4)
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of Q on HomS(J,MeJ ) that turns HomS(J,MeJ ) into an S
tQ-module. The StQ-module struc-
ture (10.4) on HomS(J,MeJ ), in turn, induces a trivially induced Q-equivariant structure on
EndS(HomS(J,MeJ )) via the association
(α, h) 7−→ αJ (h) = αJ ◦ h ◦ α−1J , α ∈ Aut(J,Q), h ∈ EndS(HomS(J,MeJ )).
By construction, given ϕ ∈ HomS(J,MeJ ), f ∈ EndS(MeJ ), and α ∈ Aut(J,Q),
(αJ (f♯))(ϕ) = (αJ ◦ f♯ ◦ α−1J )(ϕ) = αJ(f♯(α−1J (ϕ))) = αJ(f♯(α−1 ◦ ϕ ◦ α))
= αJ (f ◦ α−1 ◦ ϕ ◦ α) = α ◦ (f ◦ α−1 ◦ ϕ ◦ α)α−1 = α ◦ f ◦ α−1 ◦ ϕ
whence the induced Q-equivariant structure τeJ : Q→ Aut(EndS(MeJ )) gets identified, under
the isomorphism (10.3), with the trivially induced Q-equivariant structure induced by the
StQ-module structure (10.4) on HomS(J,MeJ ). Consequently (EndS(MeJ ), τeJ ) represents
zero in EB(S,Q).
Conversely, let e: U(S) ֌ Γ
π
։ Q be a group extension, consider the associated crossed
product algebra (S,Q, e, κQ ◦ π), let Me denote the free S-module that underlies the al-
gebra (S,Q, e, κQ ◦ π), let τe : Q → Aut(EndS(Me)) denote the corresponding induced Q-
equivariant structure, and suppose that (EndS(Me), τe) represents zero in EB(S,Q). In
view of equivariant Brauer equivalence, there are StQ-modules M1 and M2 whose underly-
ing S-modules are faithful and finitely generated projective so that, in terms of the notation
τ1 : Q→ Aut(EndS(M1)) and τ2 : Q→ Aut(EndS(M2)) for the associated trivially induced Q-
equivariant structures, (EndS(Me), τe)⊗(EndS(M1), τ1) and (EndS(M2), τ2) are isomorphic as
Q-equivariant S-algebras. Let J = HomEndS(Me⊗M1)(Me ⊗M1,M2); this is a faithful finitely
generated projective rank one S-module. Moreover, the association
Γ× J −→ J, (x, f) 7→ π(x)fx−1 : Me ⊗M1 −→M2, x ∈ Γ, f ∈ J,
where we do not distinguish in notation between x ∈ Γ and the induced automorphisms of
Me ⊗M1 nor between π(x) ∈ Q and the induced automorphism of M2, yields a semi-linear
action of Γ on J ; hence the group extension eJ , cf. (10.2), is defined relative to J , and the
Γ-action on J , in turn, induces a homomorphism Γ → Aut(J,Q) and hence yields a congru-
ence (1, ·, 1): e → eJ of group extensions; in particular, [J ] ∈ (Pic(S))Q. The congruence
(1, ·, 1): e→ eJ of group extensions entails that ωPicS,Q [J ] = [e] ∈ H2(Q,U(S)).
Exactness at EB(S,Q): Since for a group extension e of U(S) by Q the Q-equivariant structure
τe on the algebra EndS(Me) of S-linear endomorphisms of the free S-module Me that under-
lies the corresponding crossed product algebra (S,Q, e, κQ ◦ π) is an induced Q-equivariant
structure, it is obvious that the composite res ◦ cpr is zero.
Now we show that ker(res) ⊂ im(cpr). Thus, let (A, τ) be a Q-equivariant Azumaya S-
algebra, and suppose that the class of its associated Q-normal algebra (A, στ ) goes to zero in
XB(S,Q). In view of normal Brauer equivalence, there are induced Q-normal split algebras
(EndS(M1), σ1) and (EndS(M2), σ2) such that (A, στ ) ⊗ (EndS(M1), σ1) and (EndS(M2), σ2)
are isomorphic as Q-normal S-algebras. Replacing M1 andM2 by S|Q|⊗M1 and S|Q|⊗M2, re-
spectively, and adjusting the notation accordingly, since (EndS(M1), σ1) has zero Teichmüller
class, by Theorem 6.1, the Q-normal structure σ1 on EndS(M1) lifts to a Q-equivariant struc-
ture τ1 : Q → EndS(M1) on EndS(M1) such that σ1 = στ1 . Thus (A ⊗ EndS(M1), στ⊗τ1)
and (EndS(M2), σ2) are isomorphic as Q-normal S-algebras. Since στ⊗τ1 is equivariant, so is
55
σ2; more precisely, the Q-equivariant structure τ ⊗ τ1 induces, on EndS(M2), via the isomor-
phism A⊗ EndS(M1) ∼= EndS(M2), a Q-equivariant structure τ2 : Q → EndS(M2) such that
(A ⊗ EndS(M1), τ ⊗ τ1) ∼= (EndS(M2), τ2), and σ2 = στ2 . Since σ2 is an induced Q-normal
structure, the homomorphism πAut(M2, Q) : Aut(M2, Q) → Q is surjective; by Lemma 7.6, the
induced homomorphism πAut(M2, Q, τ2) : Aut(M2, Q, τ2) → Q is surjective as well whence the
Q-equivariant structure τ2 on M2 is induced.
By Proposition 7.8, with respect to associated group extensions e1 : U(S)
i1
֌ Γ1
π1
։ Q and
e2 : U(S)
i1
֌ Γ2
π2
։ Q and morphisms
(j1, β1) : (U(S),Γ1, i1) −→ (AutS(M1),Aut(EndS(M1)), ∂1),
(j2, β2) : (U(S),Γ2, i2) −→ (AutS(M2),Aut(EndS(M2)), ∂2)
of crossed modules inducing the Q-equivariant structures τ1 and τ2, respectively, the Q-
equivariant S-algebra (EndS(M1), τ1) is equivariantly Brauer equivalent to a Q-equivariant
S-algebra of the kind (EndS(Me1), τe1) and the Q-equivariant S-algebra (EndS(M2), τ2) to
a Q-equivariant S-algebra of the kind (EndS(Me2), τe2). Consequently the Q-equivariant S-
algebra (A, τ) is equivariantly Brauer equivalent to a Q-equivariant S-algebra of the kind
(EndS(Me), τe), for some group extension e: U(S)֌ Γ։ Q such that
[e] + [e1] = [e2] ∈ H2(Q,U(S))
whence cpr([e]) = [(A, τ)] ∈ EB(S,Q).
Suppose now that S|R is a Galois extension of commutative rings with Galois group Q.
Then (A,Q, e, κQ◦πΓ) is an Azumaya R-algebra, see, e. g., Proposition 5.4(xi) above; moreover,
by Proposition 5.4(ix) above, the obvious homomorphism
S ⊗R (A,Q, e, κQ ◦ πΓ)op −→ EndS(Me)
is then an isomorphism of S-algebras and, by Proposition 5.4(x), the Q-equivariant structure
τe comes from scalar extension; hence the canonical homomorphism B(R)→ EB(S,Q) is then
an isomorphism. Likewise, again by Galois descent, cf. Subsection 2.2 (ii), the canonical
homomorphisms H1(Q,U(S))→ Pic(S|R) and Pic(R)→ EPic(S,Q) are isomorphisms.
We leave the proofs of the naturality assertions to the reader.
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Chapter II
Crossed pairs and the relative case
Abstract
Using a suitable notion of normal Galois extension of commutative rings, we develop the rel-
ative theory of the generalized Teichmüller cocycle map. We interpret the theory in terms of
the Deuring embedding problem, construct an eight term exact sequence involving the rela-
tive Teichmüller cocycle map and suitable relative versions of generalized Brauer groups and
compare the theory with the group cohomology eight term exact sequence involving crossed
pairs. We also develop somewhat more sophisticated versions of the ordinary, equivariant and
crossed relative Brauer groups and show that the resulting exact sequences behave better with
regard to comparison of the theory with group cohomology than do the naive notions of the
generalized relative Brauer groups.
11 Introduction
We explore further the approach to the “Teichmüller cocycle map” developed in Chapter I in
terms of crossed 2-fold extensions. We keep the numbering of items from the introduction to
Chapter I.
(6) In Section 12, we introduce the concept of a Q-normal Galois extension of commutative
rings; associated with such a Q-normal Galois extension T |S of commutative rings is a struc-
ture extension e(T |S) : N ֌ G ։ Q of Q by the Galois group N = Aut(T |S) of T |S and
an action G → Aut(T ) of G on T by ring automorphisms. In Section 13, we associate to
a crossed pair (e, ψ) with respect to e(T |S) and U(T ), endowed with the G-module structure
coming from the G-action on T , see [Hue81b] or Section 13 for details on the crossed pair
concept, a Q-normal crossed product algebra (Ae, σψ), and we refer to such a Q-normal al-
gebra as a crossed pair algebra. The crossed pair algebra (Ae, σψ) represents a member of
the kernel XB(T |S;G,Q) of the obvious homomorphism from XB(S,Q) to XB(T,G); this
homomorphism exists and is unique, in view of the functoriality of the crossed Brauer group.
Actually, the assignment to (e, ψ) of (Ae, σψ) yields a natural homomorphism
Xpext(G,N ; U(T )) −→ XB(T |S;G,Q) (11.1)
of abelian groups from the corresponding abelian group Xpext(G,N ; U(T )) of congruence
classes of crossed pairs introduced in [Hue81b] to the subgroup XB(T |S;G,Q) of the crossed
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Brauer group. Concerning the crossed pair concept, suffice it to mention at this stage that
the notion of crossed pair generalizes that of crossed module.
(7) Let T |S be a Q-normal Galois extension of commutative rings, with structure extension
e(T |S) : N ֌ G։ Q of Q by N = Aut(T |S) and associated G-action on T . Theorem 13.5 says
that a class k ∈ H3(Q,U(S)) is the Teichmüller class of some crossed pair algebra (Ae, σψ)
with respect to the data if and only if k is split in T |S in the sense that, under inflation
H3(Q,U(S)) → H3(G,U(T )), the class k goes to zero. This yields a partial answer to the
question as to which classes in H3(Q,U(S)) are Teichmüller classes.
Now, in the classical situation, T |S is a Galois field extension with Galois group Q, and
we denote by B(T |S) the subgroup of the Brauer group B(S) of S that consists of the classes
split by T ; the group Xpext(G,N ; U(T )) of crossed pair extensions now comes down to the
subgroup H2(N,U(T ))Q of H2(N,U(T )) that consists of the classes fixed by Q, the crossed
Brauer group XB(T |S;G,Q) then boils down to the subgroup B(T |S)Q of B(T |S) that consists
of the classes fixed by Q—this is related with Speiser’s principal genus theorem (which is often
referred to as Hilbert’s Satz 90)—, and the homomorphism (11.1) amounts to the classical
isomorphism
H2(N,U(T ))Q −→ B(T |S)Q. (11.2)
Hence (6) generalizes the corresponding result of Eilenberg and Mac Lane [EM48], and so
does (7): For Eilenberg-Mac Lane’s characterization of the Teichmüller classes given in [EM48,
Theorem 7.1, Theorem 10.1] is actually a crossed product theorem which covers all the Teich-
müller classes since classically each Q-normal algebra class contains a Q-normal crossed prod-
uct algebra, but such a result does not hold in the general situation considered here.
(8) In Section 14, given a Q-normal Galois extension T |S of commutative rings, with structure
extension e(T |S) : N ֌ G ։ Q of Q by N = Aut(T |S), we again focus our attention on
the Deuring embedding problem of a central T -algebra into a central S-algebra and establish
two somewhat technical results, Theorem 14.9 and Theorem 14.10. These results entail, in
particular that, if a class k ∈ H3(Q,U(S)) goes under inflation to the Teichmüller class in
H3(G,U(T )) of some G-normal central T -algebra A, then k is itself the Teichmüller class of
some Q-normal central S-algebra B in such a way that, when A is a G-normal Azumaya
T -algebra, the algebra B may be taken to be a Q-normal Azumaya S-algebra.
(9) Given a Q-normal Galois extension T |S of commutative rings with associated structure
extension e(T |S) : Aut(T |S) ֌ G ։ Q and G-action on T , let EB(T |S;G,Q) denote the
kernel of the induced homomorphism from EB(S,Q) to XB(T,G); the exact sequence (17.2)
involving the Teichmüller map t now yields an extension of the kind
. . .→ H2(Q,U(S))→ EB(T |S;G,Q)→ XB(T |S;G,Q) t→ H3(Q,U(S)) inf→ H3(G,U(T ))
of the corresponding classical low degree four term exact sequence by four more terms. We
refer to the resulting theory as the naive relative theory . The exactness of that sequence
at H3(Q,U(S)) follows from (4) above and from the naturality of the Teichmüller map. In
Theorem 18.1 we compare that exact sequence with the eight term exact sequence in the
cohomology of the group extension e(T |S) with coefficients in U(T ) constructed in [Hue81b].
(10) A more sophisticated variant of the relative theory involves certain abelian groups which
we denote by Bfr(T |S), EBfr(T |S;G,Q), XBfr(T |S;G,Q), and kRep(Q,BT |S;G,Q), see Subsec-
tion 18.3; these groups fits into seven and eight term exact sequences similar to those involving
B(S), EB(S,Q), XB(S,Q), B(T |S), EB(T |S;G,Q), XB(T |S;G,Q), and kRep(Q,BS,Q). This
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more sophisticated variant behaves better with regard to comparison of the theory with group
cohomology than does the naive relative theory; see Theorems 18.4 - 18.6 and Theorem 18.8.
In [Hue81a, Theorem 3 p. 303], we developed a conceptual description of the differential
d3 : E
0,2
3 → E3,03 of the Lyndon-Hochschild-Serre spectral sequence associated with a group
extension and a module over the extension group, and in [Hue81b] we developed an eight term
exact sequence, given there as (1.7) and (1.8), that involves a certain map ∆, cf. (13.4) below;
in view of [Hue81b, Subsection 1.4], the map ∆ lifts that differential to a map. These observa-
tions entail that the exactness of (17.2) generalizes the result of Hochschild and Serre [HS53,
p. 130] saying that, in the classical case when the rings under discussion are fields, the Teich-
müller map coincides with the transgression map in the low degree five term exact sequence
in the cohomology of the corresponding group extension.
The appendix recollects some material from the theory of stably graded symmetric monoi-
dal categories.
12 Normal ring extensions
As in Chapter I, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q
on S. Let T |S be a Galois extension of commutative rings with Galois group N = Aut(T |S).
We refer to T |S as being Q-normal when each automorphism κQ(q) of S, as q ranges over Q,
extends to an automorphism of T .
Somewhat more formally, given a Galois extension T |S of commutative rings with Galois
group N , denote by AutS(T ) the group of those automorphisms of T that map S to itself,
let res : AutS(T ) → Aut(S) denote the obvious restriction map, so that N = Aut(T |S) is
the kernel of res, let G denote the fiber product group G = AutS(T ) ×Aut(S) Q relative to
κQ : Q → Aut(S), and let πQ : G → Q denote the canonical homomorphism and iN : N → G
the obvious injection. The obvious homomorphism κG : G→ AutS(T ) makes the diagram
1 −−−−→ N iN−−−−→ G πQ−−−−→ Q∥∥∥ κGy κQy
1 −−−−→ Aut(T |S) −−−−→ AutS(T ) res−−−−→ Aut(S)
(12.1)
commutative, where the unlabeled arrow is the obvious homomorphism. This diagram is a
special case of a diagram of the kind (3.19). The Galois extension T |S of commutative rings
is plainly Q-normal if and only if the homomorphism πQ : G→ Q is surjective, that is, if and
only if the sequence
e(T |S) : 1 −→ N i
N−→ G πQ−→ Q −→ 1 (12.2)
is exact, i.e., an extension of Q by N . Given a Q-normal Galois extension T |S of commu-
tative rings, we refer to the corresponding group extension (12.2) as the associated structure
extension and to the corresponding homomorphism κG : G→ AutS(T ) as the associated struc-
ture homomorphism. It is immediate that a Q-normal Galois extension T |S with structure
extension (12.2) and structure homomorphism κG : G→ AutS(T ), the injection S ⊆ T being
denoted by i : S ⊆ T , yields the morphism
(i, πQ) : (S,Q, κQ) −→ (T,G, κG) (12.3)
in the change of actions category Change introduced in Subsection 3.7 above.
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Example 12.1. Let K|P be a Galois extension of algebraic number fields, and denote by G
the Galois group of K|P . Let Z be a subfield of K that contains P and is a normal extension
of P , and let N = Gal(K|Z) and Q = Gal(Z|P ). Let T , S and R denote the rings of integers
in, respectively, K, Z and P . Suppose that K|Z is unramified but that Z|P is ramified. Then
T |S is a Q-normal Galois extension of commutative rings but T |R and S|R are not Galois
extensions of commutative rings, cf. Example 2.3.
Let (S,Q, κ) and (Sˆ, Qˆ, κˆ) be objects of the change of actions category Change introduced
in Subsection 3.7, and let T |S and Tˆ |Sˆ be normal Galois extension of commutative rings with
respect to Q and Qˆ, with structure extensions
e(T |S) : N ֌ G։ Q, e(Tˆ |Sˆ) : Nˆ ֌ Gˆ։ Qˆ
and structure homomorphisms κG : G→ AutS(T ) and κˆG : Gˆ→ AutSˆ(Tˆ ), respectively. Then
a morphism
(h, φ) : T |S −→ Tˆ |Sˆ
of normal Galois extensions consists of a ring homomorphism h : T → Tˆ and a group homo-
morphism φ : Gˆ→ G such that
(i) f = h|S is a ring homomorphism S → Sˆ,
(ii) the values of φ|Nˆ lie in N , that is, φ|Nˆ is a homomorphism Nˆ → N , and
(iii) h(φ(xˆ)t) = xˆ(h(t)), xˆ ∈ Gˆ, t ∈ T .
13 Crossed pair algebras
As before, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q on S.
In this section we use the results of [Hue81b] to offer a partial answer to the question as to
which classes in H3(Q,U(S)) are Teichmüller classes. Our result extends the classical answer
of Eilenberg and Mac Lane [EM48] (reproduced in [HS53]); later in the paper we shall give a
complete answer.
13.1 Crossed pairs
For intelligibility, we recall that notion from [Hue81b, p. 152].
Let
1 −−−−→ N iN−−−−→ G −−−−→ Q −−−−→ 1 (13.1)
be a group extension and M a G-module; we write the G-action G ×M −→ M on M as
(x, y) 7→ xy, for x ∈ G and y ∈ M . Further, let e: M ֌ Γ πN։ N be a group extension whose
class [e] ∈ H2(N,M) is fixed under the standard Q-action on H2(N,M). Given x ∈ G, we
write
ℓx(y) =
xy, y ∈M, ix(n) = xnx−1, n ∈ N.
Write AutG(e) for the subgroup of Aut(Γ)×G that consists of those pairs (α, x) which make
the diagram
0 −−−−→ M −−−−→ Γ −−−−→ N −−−−→ 1
ℓx
y αy ixy
0 −−−−→ M −−−−→ Γ −−−−→ N −−−−→ 1
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commutative.
The homomorphism
β : Γ −→ AutG(e), β(y) = (iy, iN (πN (y))), y ∈ Γ,
together with the obvious action of AutG(e) on Γ, yields a crossed module (Γ,AutG(e), β)
whence, in particular, β(Γ) is a normal subgroup of AutG(e); we denote by OutG(e) the
cokernel of β and write the resulting crossed 2-fold extension as
eˆ : 0 −−−−→ MN −−−−→ Γ β−−−−→ AutG(e) −−−−→ OutG(e) −−−−→ 1. (13.2)
The map Der(N,M) −→ AutG(e) given by the association
Der(N,M) ∋ d 7−→ (αd, 1), αd(y) = (dπN (y))y, y ∈ Γ,
is an injective homomorphism; this homomorphism and the obvious map AutG(e) → G yield
the group extension
0 −→ Der(N,M) −→ AutG(e) −→ G −→ 1,
the map AutG(e) → G being surjective, since the class [e] ∈ H2(N,M) is supposed to
be fixed under Q. Further, let ζ : M → Der(N,M) be the homomorphism defined by
(ζ(m))(n) = m(nm)−1, as m ranges over M and n over N . With these preparations out
of the way, the data fit into the commutative diagram
0 0y y
MN MN 1y y y
0 −−−−→ M −−−−→ Γ πN−−−−→ N −−−−→ 1
ζ
y βy iNy
0 −−−−→ Der(N,M) −−−−→ AutG(e) −−−−→ G −−−−→ 1y y y
0 −−−−→ H1(N,M) −−−−→ OutG(e) −−−−→ Q −−−−→ 1y y y
1 1 1
(13.3)
with exact rows and columns. We use the notation
e: 0 −−−−→ H1(N,M) −−−−→ OutG(e) −−−−→ Q −−−−→ 1
for the bottom row extension of (13.3). This extension is the cokernel, in the category of
group extensions with abelian kernel, of the morphism (ζ, β, i) of group extensions.
Suppose now that the extension e splits; we then say that e admits a crossed pair structure,
and we refer to a section ψ : Q→ OutG(e) of e as a crossed pair structure on the group extension
e: M ֌ Γ
πN
։ N with respect to the group extension (13.1). By definition, a crossed pair (e, ψ)
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with respect to the group extension (13.1) and the G-module M consists of a group extension
e: M ֌ Γ ։ N whose class [e] ∈ H2(N,M) is fixed under Q such that the associated
extension e splits, together with a section ψ : Q→ OutG(e) of e [Hue81b, p. 152].
Suitable classes of crossed pairs with respect to (13.1) and the G-module M constitute
an abelian group Xpext(G,N ;M) [Hue81b, Theorem 1]. Moreover, cf. [Hue81b, Theorem 2],
suitably defined homomorphisms
j : H2(G,M) −→ Xpext(G,N ;M), ∆: Xpext(G,N ;M) −→ H3(Q,MN )
yield an extension of the classical five term exact sequence to an eight term exact sequence of
the kind
0 −→H1(Q,MN ) inf−→ H1(G,M) res−→ H1(N,M)Q ∆−→ H2(Q,MN )
inf−→H2(G,M) j−→ Xpext(G,N ;M) ∆−→ H3(Q,MN ) inf−→ H3(G,M).
(13.4)
For later reference, we recall the construction of ∆. To this end, given a crossed pair
(e : 0→M → Γ→ N → 1, ψ : Q→ OutG(e))
with respect to the group extension (13.1) and the G-module M , let Bψ denote the fiber prod-
uct group AutG(e)×OutG(e)Q with respect to the crossed pair structure map ψ : Q→ OutG(e)
and, furthermore, let ∂ψ : Γ → Bψ denote the obvious homomorphism; together with the ob-
vious action of Bψ on Γ induced by the canonical homomorphism Bψ → AutG(e), the exact
sequence
eψ : 0 −→MN −→ Γ ∂
ψ−→ Bψ −→ Q −→ 1 (13.5)
is a crossed 2-fold extension and hence represents a class in H3(Q,MN ). We refer to eψ
as the crossed 2-fold extension associated to the crossed pair (e, ψ). The homomorphism
∆: Xpext(G,N ;M) → H3(Q,MN ) is given by the assignment to a crossed pair (e, ψ) of its
associated crossed 2-fold extension eψ.
Remark 13.1. By [Hue81a, Theorem 1], the association e 7→ e yields a conceptual description
of the differential d2 : E
0,2
2 → E2,12 of the Lyndon-Hochschild-Serre spectral sequence (Ep,qr , dr)
associated with the group extension (13.1) and the G-module M .
Proposition 13.2. In the special case where the N -action on M is trivial, given a group
extension e: M ֌ Γ
πN
։ N that admits a crossed pair structure, crossed pair structures
ψ : Q → OutG(e) on the group extension e correspond bijectively to actions of G on Γ that
turn
iN ◦ πN : Γ −→ G
into a crossed module in such a way that the canonical homomorphism
G −→ Bψ = AutG(e)×OutG(e) Q
is an isomorphism.
Remark 13.3. Given the group extension (13.1), consider a group extension
e: 1 −→ X −→ K πN−→ N −→ 1,
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the group X not necessarily being abelian, let φ = iN ◦ πN : K → G denote the composite of
i and πN , and let Aut(e) denote the subgroup of Aut(K) that consists of the automorphisms
of K that map X to itself; such a homomorphism φ is referred to in [Tay53] as a normal
homomorphism. Conjugation in K yields a homomorphism β : K → Aut(e) from K onto a
normal subgroup β(K) of Aut(e), and the restriction ζ of β to X, that is, conjugation in K
with elements of X, yields a homomorphism ζ : X → Aut(e) from X onto a normal subgroup
ζ(X) of Aut(e) as well; let can : Aut(e) → Aut(e)/ζ(X) denote the canonical surjection. A
modular structure on φ is a homomorphism θ : G→ Aut(e)/ζ(X) making the diagram
K
β

πN
//
φ
%%▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲ N
iN

Aut(e)
can

G
θ
yyss
ss
ss
ss
ss
s
Aut(e)/ζ(X)
commutative [Tay53]. A pseudo-module is defined to be a pair (φ, θ) that consists of a normal
homomorphism φ and a modular structure θ on φ [Tay53].
Let (φ, θ) be a pseudo-module and consider the two abstract kernels G→ Out(X) and
Q→ Out(K) induced by that pseudo-module. Now, fix an abstract G-kernel structure
ω : G → Out(X) on X in advance and consider the group AutG(e) that consists of the pairs
(α, x) ∈ Aut(e)×G which make the diagram
1 −−−−→ X −−−−→ K −−−−→ N −−−−→ 1
α|X
y αy ixy
1 −−−−→ X −−−−→ K −−−−→ N −−−−→ 1
commutative in such a way that the image of α|X in Out(X) coincides with ω(x) ∈ Out(X).
Then the modular structures on φ that induce, in particular, the abstract G-kernel structure
ω on X are given by homomorphisms θ : G→ AutG(e)/ζ(X). In the special case where X is
abelian, an abstract G-kernel structure on X is an ordinary G-module structure, and those
modular structures θ : G → AutG(e)/ζ(X) correspond bijectively to crossed pair structures
ψ : Q→ OutG(e) on e.
13.2 Crossed pairs and normal algebras
Let T |S be a Q-normal Galois extension of commutative rings, with structure extension
e(T |S) : 1 −−−−→ N i
N−−−−→ G −−−−→ Q −−−−→ 1
and structure homomorphism κG : G → AutS(T ); in particular, the group N is finite. Let
(e : U(T )֌ Γ։ N, ψ : Q→ OutG(e)) be a crossed pair with respect to the group extension
e(T |S) and the G-module U(T ). The corresponding crossed 2-fold extension (13.2) now takes
the form
eˆ : 0 −→ U(S) −→ Γ −→ AutG(e) −→ OutG(e) −→ 1.
To the crossed pair (e, ψ), associate a Q-normal S-algebra (Ae, σψ) as follows.
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The composite ϑ : Γ→ N → Aut(T ) yields an action of Γ on T ; let Ae denote the crossed
product algebra (T,N, e, ϑ). Since the group N is finite, Ae is an Azumaya S-algebra; this fact
also follows from Proposition 5.4 (xi). Recall that there is an obvious injection i : Γ→ U(Ae).
The following is immediate.
Proposition 13.4. Setting
i♯(α,x)(ty) = (xt)(αy), (13.6)
as t ranges over T , y over Γ, and (α, x) over AutG(e) (⊆ Aut(Γ)×G), we obtain a morphism
(i, i♯) : (Γ,AutG(e), β) −→ (U(Ae),Aut(Ae, Q), ∂)
of crossed modules which, in turn, induces the morphism
eˆ : 0 −−−−→ U(S) −−−−→ Γ β−−−−→ AutG(e) −−−−→ OutG(e) −−−−→ 1∥∥∥ iy i♯y i♭y
e(Ae,Q) : 0 −−−−→ U(S) −−−−→ U(Ae)
∂−−−−→ Aut(Ae, Q) −−−−→ Out(Ae, Q) −−−−→ 1
of crossed 2-fold extensions, where i♭ denotes the induced homomorphism.
Given a crossed pair (e : 0→ U(T )→ Γ→ N → 1, ψ : Q→ OutG(e)) with respect to the
group extension e(T |S) and the G-module U(T ), let
σψ = i♭ ◦ ψ : Q −→ OutG(e) −→ Out(Ae, Q);
it is then obvious that (Ae, σψ) is a Q-normal (Azumaya) S-algebra, and we refer to (Ae, σψ)
as a Q-normal crossed pair algebra with respect to the Q-normal Galois extension T |S of
commutative rings.
Theorem 13.5. Let T |S be a Q-normal Galois extension of commutative rings, with structure
extension e(T |S) : N ֌ G ։ Q and structure homomorphism κG : G → AutS(T ), cf. Section
12 above. Then a class k ∈ H3(Q,U(S)) is the Teichmüller class of some crossed pair algebra
(Ae, σψ) with respect to the Q-normal Galois extension T |S if and only if k is split in T |S in
the sense that k goes to zero under inflation H3(Q,U(S)) → H3(G,U(T )).
With M = U(T ) and MN = U(S), the theorem is a consequence of the exactness, at
H3(Q,U(S)), of the sequence (13.4). Indeed, by construction, the homomorphism ∆ is given
by the assignment to a crossed pair (e : U(T )֌ Γ։ N, ψ : Q→ OutG(e)) with respect to the
group extension e(T |S) and the G-module U(T ) of the corresponding crossed 2-fold extension
(13.5), which now takes the form
eψ : 0 −→ U(S) −→ Γ ∂
ψ−→ Bψ −→ Q −→ 1.
Theorem 13.5 is therefore a consequence of the following, which is again immediate.
Proposition 13.6. Given a crossed pair (e, ψ) with respect to the group extension e(T |S) and
the G-module U(T ), the morphism (i, i♯) of crossed modules in Proposition 13.4 above induces
a congruence morphism
eψ : 0 −−−−→ U(S) −−−−→ Γ ∂
ψ−−−−→ Bψ −−−−→ Q −−−−→ 1∥∥∥ iy iˆy ∥∥∥
e(Ae,σψ) : 0 −−−−→ U(S) −−−−→ U(Ae)
∂
σψ−−−−→ Bσψ −−−−→ Q −−−−→ 1
of crossed 2-fold extensions.
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Proof of Theorem 13.5. By exactness, it is immediate that the Teichmüller class of any crossed
pair algebra (Ae, σψ) with respect to T |S is split in T |S. Hence the condition is necessary.
To establish sufficiency, consider a class k ∈ H3(Q,U(S)) which is split in T |S, that is, goes
to zero under inflation H3(Q,U(S)) → H3(G,U(T )). By exactness, k then arises from some
crossed pair (e, ψ) with respect to the group extension e(T |S) and the G-module U(T ), that is,
k = [eψ] ∈ H3(Q,U(S)).
By Proposition 13.6, the Teichmüller class of the associated crossed pair algebra (Ae, σψ) with
respect to T |S coincides with [eψ] = k.
14 Normal Deuring embedding and Galois descent for Teich-
müller classes
As before, S denotes a commutative ring and κQ : Q→ Aut(S) an action of a group Q on S.
Let T |S be a Q-normal Galois extension of commutative rings, with structure extension
e(T |S) : 1 −→ N i
N−→ G πQ−→ Q −→ 1 (14.1)
and structure homomorphism κG : G → AutS(T ), cf. (12.1). In this section, we prove,
among others, that if a class k ∈ H3(Q,U(S)) goes under inflation to the Teichmüller class
in H3(G,U(T )) of some G-normal T -algebra, then k is itself the Teichmüller class of some
Q-normal S-algebra. To this end, we reexamine Deuring’s embedding problem, cf. Subsection
4.9 and Section 6.
14.1 The definitions
Let A be a central T -algebra, (C, σQ : Q → Out(C)) a Q-normal S-algebra, and A ⊆ C an
embedding of A into C. We refer to the embedding of A into C as a Q-normal Deuring
embedding with respect to σQ : Q → Out(C) and (14.1) if each automorphism κG(x) of T , as
x ranges over G, extends to an automorphism α of C in such a way that
(i) [α] = σQ(πQ(x)) ∈ Out(C), and
(ii) α maps A to itself.
Remark 14.1. In the special case where Q is the trivial group, the group G boils down to
the group N = Aut(S|R) and, since each automorphism α of C that extends some x ∈ N is
required to map A to itself and to map to the trivial element of Out(C), that automorphism
α necessarily extends to an inner automorphism of C that normalizes A; thus the notion of
normal Deuring embedding then comes down to the notion of Deuring embedding introduced
in Subsection 4.9.
Remark 14.2. Given an embedding of A into C such that A coincides with the centralizer of T
in C, an automorphism α of C extending an automorphism κG(x) of T for x ∈ G necessarily
maps A to itself. Thus, in the definition of a Q-normal Deuring embedding, condition (ii) is
then redundant.
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For technical reasons, we need a stronger concept of a normal Deuring embedding. We
now prepare for this definition.
Let A be a central T -algebra, C a central S-algebra, and suppose the algebra A to be
embedded into C. Recall the crossed module (U(C),Aut(C), ∂C) associated to the central
S-algebra C, and consider the associated crossed 2-fold extension
eC : 0 −→ U(S) −→ U(C) ∂C−→ Aut(C) −→ Out(C) −→ 1, (14.2)
cf. (4.1). The normalizer NU(C)(A) of A in U(C) and the centralizer CU(C)(T ) of T in U(C),
together with U(A) and U(C), constitute an ascending sequence
U(A) ⊆ CU(C)(T ) ⊆ NU(C)(A) ⊆ U(C)
of groups. When A coincides with the centralizer of T in C, the inclusion U(A) ⊆ CU(C)(T )
is the identity.
We continue with the general case where A does not necessarily coincide with the centralizer
of T in C. Let AutA(C) denote the group of automorphisms of C that map A to itself. The
action of Aut(C) on U(C) induces an action of AutA(C) on each of the groups U(A), CU(C)(T ),
and NU(C)(A), and the restrictions of the homomorphism ∂C together with the actions yield
three crossed modules
(NU(C)(A),AutA(C), ∂NC ) (14.3)
(CU(C)(T ),AutA(C), ∂TC ) (14.4)
(U(A),AutA(C), ∂AC ), (14.5)
each homomorphism ∂NC , ∂
T
C , ∂
A
C being the corresponding restriction of the homomorphism
∂C : U(C)→ Aut(C). We write the associated crossed 2-fold extensions as
eAC : 0 −→ U(S) −→ U(A)
∂AC−→ AutA(C) −→ Out(C,A) −→ 1 (14.6)
eTC : 0 −→ U(S) −→ CU(C)(T )
∂TC−→ AutA(C) −→ Out(C, T ) −→ 1 (14.7)
eNC : 0 −→ U(S) −→ NU(C)(A)
∂NC−→ AutA(C) −→ OutA(C) −→ 1, (14.8)
the groups Out(C,A), Out(C, T ), and OutA(C) being defined by exactness. The inclusions
U(A) ⊆ CU(C)(T ) ⊆ NU(C)(A) induce a commutative diagram
eAC : 0
// U(S) // U(A)

∂AC
// AutA(C) // Out(C,A)

// 1
eTC : 0
// U(S) // CU(C)(T )

∂TC
// AutA(C) // Out(C, T )

// 1
eNC : 0
// U(S) // NU(C)(A)
∂NC
// AutA(C) // OutA(C) // 1
of morphisms of crossed 2-fold extensions and, by diagram chase, the induced homomorphisms
Out(C,A)→ Out(C, T ) and Out(C, T )→ OutA(C) are surjective.
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Restriction induces canonical homomorphisms
res : Out(C,A) −→ OutS(A), res : Out(C, T ) −→ AutS(T )
(where the notation “res” is slightly abused) in such a way that the diagram
Out(C,A)

res
// OutS(A)
res

Out(C, T ) res // AutS(T )
is commutative. Moreover, the obvious homomorphism OutA(C) → Out(C) is injective, and
we identify OutA(C) with its isomorphic image in Out(C) if need be.
Now, given a homomorphism χG : G → Out(C,A), its composite with the restriction
map res : Out(C,A) → Out(A) yields a G-normal structure on A. However, in order for
such a homomorphism to match the other data, in particular the given Q-normal structure
σQ : Q→ Out(C), we must impose further conditions. We now spell out the details.
Let ∂AC,♯ : U(A)/U(S) → AutA(C) denote the (injective) homomorphism induced by the
crossed module structure map ∂AC in the crossed module (14.5). The crossed modules (14.3)
and (14.5) yield the commutative diagram
1

1

0 // U(S) // U(A)

// U(A)/U(S)
∂AC,♯

// 1
0 // U(S) // NU(C)(T )

∂NC
// AutA(C)

// OutA(C) // 1
1 // NU(C)(A)/U(A)

// Out(C,A)

// OutA(C) // 1
1 1
with exact rows and columns, the third row being defined by exactness. This third row is an
ordinary group extension, and we denote it by
e(A,C) : 1 // N
U(C)(A)/U(A) // Out(C,A) // OutA(C) // 1. (14.9)
We define a strong Q-normal Deuring embedding of A into C with respect to the Q-normal
structure σQ : Q → Out(C) and the structure extension (14.1) to consist of an embedding of
A into C together with a homomorphism χG : G → Out(C,A) that is compatible with the
other data in the following sense:
• The restriction χN : N → NU(C)(A)/U(A) to N = Aut(T |S) of the homomorphism χG
turns the embedding of A into C into a strong Deuring embedding relative to the action
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Id : N → Aut(T |S) of N on T in such a way that the diagram
e(T |S) : 1 // N
χN

iN
// G
χG

πQ
// Q
σQ

// 1
e(A,C) : 1 // N
U(C)(A)/U(A) // Out(C,A) // OutA(C) // 1
(14.10)
is commutative.
• The composite
G
χG−→ Out(C,A) res−→ AutS(T ) (14.11)
coincides with κG : G→ AutS(T ).
Remark 14.3. In the special case where Q is the trivial group, this notion of strong normal
Deuring embedding comes down to the notion of strong Deuring embedding introduced in
Subsection 4.9.
Given a strong Q-normal Deuring embedding (A ⊆ C,χG) with respect to the Q-normal
structure σQ : Q → Out(C) and the group extension (14.1), the composite of χG with the
restriction map res : Out(C,A)→ Out(A) yields a G-normal structure
σG : G −→ Out(A) (14.12)
on A relative to the action κG : G → AutS(T ) of G on T ; we refer to this structure as being
associated to the strong Q-normal Deuring embedding.
14.2 Discussion of the notion of normal Deuring embedding
Recall that G denotes the fiber product group AutS(T )×Aut(S) Q relative to the action
κQ : Q→ Aut(S) of Q on S, that κG : G→ AutS(T ) is the associated obvious homomorphism,
and that κG, restricted to N , boils down to the identity N → Aut(T |S), cf. (12.1) above.
Let A be a central T -algebra, consider an embedding of A into a central S-algebra C,
and let σQ : Q → Out(C) be a Q-normal structure on C. Consider the fiber product group
BA,σQ = AutA(C) ×Out(C) Q relative to the Q-normal structure σQ on C. The following is
immediate.
Proposition 14.4. Abstract nonsense identifies the kernel of the canonical homomorphism
BA,σQ → Q with the normal subgroup IAutA(C) of AutA(C) that consists of the inner au-
tomorphisms of C that map A to itself. Consequently the data determine a crossed module
(NU(C)(A), BA,σQ , ∂A,σQ), the requisite action of BA,σQ on NU(C)(A) being induced from the
canonical homomorphism BA,σQ → AutA(C), in such a way that the sequence
0 // U(S) // NU(C)(A)
∂
A,σQ
// BA,σQ // Q (14.13)
is exact.
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Since G = AutS(T )×Aut(S) Q (relative to the action κQ : Q → Aut(S) of Q on S), and
since the composite Q
σQ−→ Out(C) res−→ Aut(S) coincides with κQ : Q→ Aut(S), by abstract
nonsense, the combined homomorphism
BA,σQ
can−→ AutA(C) res−→ AutS(T )
and the canonical homomorphism can : BA,σQ → Q induce a homomorphism
πG : B
A,σQ = AutA(C)×Out(C) Q −→ AutS(T )×Aut(S) Q = G. (14.14)
The following is again immediate.
Proposition 14.5. The embedding of A into C is a Q-normal Deuring embedding with respect
to the Q-normal structure σQ : Q→ Out(C) on C and the group extension (14.1) if and only
if the homomorphism πG : BA,σQ → G is surjective.
Whether or not the homomorphism πG is surjective, we now determine the kernel of πG. To
this end, let AutA(C|T ) denote the subgroup of AutA(C) that consists of the automorphisms
in AutA(C) that are the identity on T . Since T coincides with the center of A, restriction
induces a homomorphism from AutA(C) to Aut(T ), and since S coincides with the center
of C, the values of this restriction map lie in the subgroup AutS(T ) of Aut(T ) that consists
of the automorphisms of T which map S to itself. Thus, all told, restriction yields an exact
sequence
1 // AutA(C|T ) // AutA(C) res // AutS(T ) (14.15)
of groups.
Consider the fiber product groups
BA,κG = AutA(C)×AutS(T ) G, B
A,κQ = AutA(C)×Aut(S) Q,
relative to the homomorphisms κG : G → AutS(T ) and κQ : Q → Aut(S), respectively, and
let can: BA,κG → G denote the canonical homomorphism. Since G is the fiber product
group AutS(T )×Aut(S) Q with respect to the homomorphism κQ : Q→ Aut(S), by abstract
nonsense, the canonical homomorphism from BA,κG to BA,κQ is an isomorphism. Moreover,
the exact sequence (14.15) induces an exact sequence
1 // AutA(C|T ) // BA,κG can // G (14.16)
of groups in such a way that
1 // AutA(C|T ) // BA,κG

can
// G
κG

1 // AutA(C|T ) // AutA(C) res // AutS(T )
is a commutative diagram with exact rows.
Abstract nonsense yields a canonical homomorphism
AutA(C)×Out(C) Q = BA,σQ −→ BA,κQ = AutA(C)×Aut(S) Q
and hence a canonical homomorphism BA,σQ → BA,κG whose composite BA,σQ → BA,κG can→ G
with can: BA,κG → G coincides with πG : BA,σQ → G.
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Proposition 14.6. (i) The homomorphism BA,σQ → BA,κG is injective.
(ii) Under the identification of BA,σQ with its isomorphic image in the group BA,κG , the group
AutA(C|T ) being identified with its isomorphic image in BA,κG via (14.16), the kernel of
πG : B
A,σQ → G gets identified with the normal subgroup of AutA(C|T ) that consists of the
automorphisms in AutA(C|T ) that are inner automorphisms of C.
(iii) Consequently the canonical homomorphism from the centralizer CU(C)(T ) of T in U(C)
to AutA(C|T ) yields a surjective homomorphism
CU(C)(T ) −→ ker(πG : BA,σQ → G).
Proof. Since the canonical homomorphism BA,κG → BA,κQ is an isomorphism, the right-hand
square in the the commutative diagram
BA,σQ

// BA,κG

can
// Q
κQ

AutA(C) AutA(C) res // Aut(S)
is a pull back square, and hence inspection of the diagram reveals that the homomorphism
BA,σQ → BA,κG is injective. This establishes (i).
To justify (ii), we note first that the kernel of AutA(C)→ Out(C) is the normal subgroup
IAutA(C) of AutA(C) that consists of the inner automorphisms of C that map A to itself.
Since the group BA,σQ is the fiber product group BA,σQ = AutA(C) ×Out(C) Q, abstract
nonsense identifies the kernel of the canonical homomorphism BA,σQ → Q with IAutA(C),
and it is immediate that ker(πG) is a subgroup of IAutA(C) = ker(BA,σQ → Q). On the
other hand, BA,σQ being identified with the corresponding subgroup of BA,κG , the kernel of
πG : B
A,σQ → G gets identified with the intersection BA,σQ ∩ AutA(C|T ) ⊆ BA,κG and hence
with the intersection
IAutA(C) ∩ AutA(C|T ) ⊆ BA,κG .
Consequently the kernel of πG gets identified with the normal subgroup of Aut
A(C|T ) that
consists of the automorphisms in AutA(C|T ) that are inner automorphisms of C.
Finally, statement (iii) is an immediate consequence of (ii).
Proposition 14.7. Suppose that the embedding of A into C is a Q-normal Deuring embedding
with respect to the Q-normal structure σQ : Q→ Out(C) on C and the group extension (14.1).
(i) The surjective homomorphism (14.14) yields a crossed 2-fold extension
eA,T(C,σQ) : 0
// U(S) // CU(C)(T )
∂
A,T,σQ
// BA,σQ
πG
// G // 1. (14.17)
(ii) The values of the Q-normal structure σQ : Q→ Out(C) on C lie in the subgroup OutA(C)
(= coker(∂NC : N
U(C)(A) −→ AutA(C)), cf. (14.8)).
Proof. Statement (i) is an immediate consequence of Proposition 14.5 and Proposition 14.6(iii).
Moreover, the diagram
NU(C)(A)
∂
A,σQ
// BA,σQ

// Q
σQ

NU(C)(A)
∂NC
// AutA(C) can // Out(C)
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is commutative and, in view of Proposition 14.5, the canonical homomorphism BA,σQ → Q is
surjective. Consequently the values of σQ : Q → Out(C) on C lie in the subgroup OutA(C)
(= coker(∂NC : N
U(C)(A) −→ AutA(C))).
Given a Q-normal Deuring embedding of A into C with respect to the Q-normal structure
σQ : Q→ Out(C) on C and the group extension (14.1), in view of Proposition 14.7(ii), let
eA(C,σQ) : 0
// U(S) // NU(C)(A)
∂
A,σQ
// BA,σQ // Q // 1 (14.18)
denote the associated crossed 2-fold extension induced from (14.8) via the Q-normal structure
σQ : Q→ OutA(C) on C; the underlying sequence of groups and homomorphisms plainly
coincides with (14.13). Recall that the Teichmüller complex e(C,σQ) of the kind (4.7) associated
to the Q-normal S-algebra (C, σQ) is the crossed 2-fold extension
e(C,σQ) : 0
// U(S) // U(C)
∂
σQ
// BσQ // Q // 1 (14.19)
induced from (14.2) via the Q-normal structure σQ : Q → Out(C) on C. The following is
again immediate.
Proposition 14.8. Suppose that the embedding of A into C is a Q-normal Deuring embedding
with respect to the Q-normal structure σQ : Q→ Out(C) on C and the group extension (14.1).
(i) The inclusion maps NU(C)(A)→ U(C) and BA,σQ → BσQ yield a congruence
eA(C,σQ) : 0
// U(S) // NU(C)(A)

∂
A,σQ
// BA,σQ

// Q // 1
e(C,σQ) : 0
// U(S) // U(C)
∂
σQ
// BσQ // Q // 1
(14.20)
of crossed 2-fold extensions from the crossed 2-fold extension (14.18) to the crossed 2-fold
extension (14.19).
(ii) The injection CU(C)(T )→ NU(C)(A) yields the morphism
eA,T(C,σQ) : 0
// U(S) // CU(C)(T )

∂A,T,σQ
// BA,σQ // G
πQ

// 1
eA(C,σQ) : 0
// U(S) // NU(C)(A)
∂
A,σQ
// BA,σQ // Q // 1
(14.21)
of crossed 2-fold extensions from the crossed 2-fold extension (14.17) to the crossed 2-fold
extension (14.18).
14.3 Results related with the two notions of normal Deuring embedding
Theorem 14.9. Let A be a central T -algebra, C a central S-algebra, and A ⊆ C an embedding
of A into C having the property that A coincides with the centralizer of T in C. Furthermore,
let σQ : Q → Out(C) be a Q-normal structure on C, and suppose that the embedding of A
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into C is a Q-normal Deuring embedding with respect to σQ and the group extension (14.1).
Then the data determine a unique homomorphism χG : G → Out(C,A) that turns the given
Q-normal Deuring embedding of A into C into a strong Q-normal Deuring embedding of A
into C with respect to the given data in such a way that, relative to the associated G-normal
structure
σG : G
χG−→ Out(C,A) res−→ Out(A)
on A, cf. (14.12),
[e(A,σG)] = inf[e(C,σQ)] ∈ H3(G,U(T )).
Proof. Recall that the Teichmüller complex e(C,σQ) of the Q-normal S-algebra (C, σQ), spelled
out above as (14.19), represents the Teichmüller class [e(C,σQ)] ∈ H3(Q,U(S)) of the Q-normal
central S-algebra (C, σQ).
Suppose that the embedding of A into C is a Q-normal Deuring embedding with respect
to the Q-normal structure σQ : Q→ Out(C) on C and the group extension (14.1). By Propo-
sition 14.8(i), the crossed 2-fold extension eA(C,σQ), cf. (14.18), is available and is congruent to
e(C,σQ), whence
[e(C,σQ)] = [e
A
(C,σQ)
] ∈ H3(Q,U(S)).
Moreover, by Proposition 14.8(ii), the crossed 2-fold extension (14.17) is available and, since
the centralizer of A in C coincides with T , the inclusion U(A) ⊆ CU(C)(T ) identifies the group
U(A) of invertible elements of A with the centralizer CU(C)(T ) of T in U(C). Hence the
crossed 2-fold extension (14.17) has the form
eA,T(C,σQ) : 0
// U(S) // U(A)
∂
A,T,σQ
// BA,σQ // G // 1, (14.22)
and the injection ι : U(A) → NU(C)(A) induces the morphism (14.21) of crossed 2-fold ex-
tensions in Proposition 14.8(ii); this is a morphism of crossed 2-fold extensions of the kind
(1, ι, 1, πQ) : e
A,T
(C,σQ)
→ eA(C,σQ).
Denote by i : U(S)→ U(T ) the inclusion. The canonical homomorphism
BA,σQ = AutA(C)×Out(C) Q −→ AutA(C)
induces a morphism
(Id, · ) : (U(A), BA,σQ , ∂A,T,σQ) −→ (U(A),AutA(C), ∂AC )
of crossed modules and hence a homomorphism χG : G→ Out(C,A) such that
eA,T(C,σQ) : 0
// U(S)
i

// U(A)
∂
A,T,σQ
// BA,σQ

// G
χG

// 1
eA : 0 // U(T ) // U(A)
∂AC
// AutA(C) // Out(C,A) // 1
is a morphism of crossed 2-fold extensions from (14.22) to (4.1). The homomorphism χG
turns the given Q-normal Deuring embedding of C into A into a strong Q-normal Deuring
embedding of C into A with respect to the given data.
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The G-normal structure σG : G
χG→ Out(C,A) res→ Out(A) associated to the strong Q-
normal Deuring embedding, in turn, induces a morphism
eA,T(C,σQ) : 0
// U(S)
i

// U(A)
∂
A,T,σQ
// BA,σQ

// G // 1
e(A,σG) : 0
// U(T ) // U(A)
∂σG
// BσG // G // 1
of crossed 2-fold extensions from (14.22) to the corresponding crossed 2-fold extension e(A,σG)
of the kind (4.7). Consequently [e(A,σG)] = inf[e(C,σQ)].
Theorem 14.9 has a converse; this converse sort of a characterizes the Teichmüller classes
in H3(Q,U(S)).
Theorem 14.10. Let k ∈ H3(Q,U(S)), let A be a central T -algebra, and let σG : G→ Out(A)
be a G-normal structure on A relative to the action κG : G → AutS(T ) of G on T . Suppose
that
inf(k) = [e(A,σG)] ∈ H3(G,U(T )).
Then there is a Q-normal S-central crossed product algebra
(C, σQ) = ((A,N, e, ϑ), σQ)
related with the other data in the following way.
• The Q-normal algebra (C, σQ) = ((A,N, e, ϑ), σQ) has Teichmüller class k;
• once the Q-normal algebra ((A,N, e, ϑ), σQ) has been fixed, the data determine a homo-
morphism χG : G → Out(C,A) that turns the obvious embedding of A into (A,N, e, ϑ)
into a strong Q-normal Deuring embedding with respect to σQ : Q→ Out(A,N, e, ϑ) and
the group extension (14.1);
• the associated G-normal structure
G
χG−→ Out(C,A) res−→ Out(A)
on A, cf. (14.12), and the given G-normal structure σG : G→ Out(A) on A coincide.
Complement 14.11. In the situation of Theorem 14.10, if A is an Azumaya T -algebra, the
algebra (A,N, e, ϑ) is an Azumaya S-algebra.
Remark 14.12. In the special case where inf(k) = 0, the argument to be given comes down
to that given for the statement of Theorem 13.5, and this theorem is in fact a special case of
Theorem 14.10.
Proof of Theorem 14.10. For convenience, we split the reasoning into Propositions 14.13 -
14.15 below.
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Consider a G-normal central T -algebra (A, σG), and denote by σN : N → Out(A) the re-
striction of σG : G→ Out(A) to N so that (A, σN) is an N -normal central T -algebra. The
obvious unlabeled vertical arrow and the injection iN turn
e(A,σN ) : 0 −−−−→ U(T ) −−−−→ U(A)
∂σN−−−−→ BσN −−−−→ N −−−−→ 1∥∥∥ ∥∥∥ y iNy
e(A,σG) : 0 −−−−→ U(T ) −−−−→ U(A)
∂σG−−−−→ BσG −−−−→ G −−−−→ 1
into a commutative diagram having as its rows the (exact) Teichmüller complexes e(A,σN ) and
e(A,σG) of (A, σN ) and (A, σG), respectively. Consequently the combined homomorphism
BσG −−−−→ G πQ−−−−→ Q
yields a group extension
1 −→ BσN −→ BσG −→ Q −→ 1. (14.23)
Let
eˆ : 0 −−−−→ U(T ) −−−−→ U(A) −−−−→ U(A)/U(T ) −−−−→ 1 (14.24)
and
1 −−−−→ U(A)/U(T ) φ−−−−→ BσN −−−−→ N −−−−→ 1
be the obvious group extensions so that splicing them yields the Teichmüller complex
e(A,σN ) : 0 −−−−→ U(T ) −−−−→ U(A) −−−−→ BσN −−−−→ N −−−−→ 1
of (A, σN ). We denote the resulting morphism
1 // U(A)/U(T )
φ

// BσG // G
πQ

// 1
1 // BσN // BσG // Q // 1
(14.25)
of group extensions by Φ.
Consider the Teichmüller complex
e(A,σG) : 0 −→ U(T ) −→ U(A)
∂σG−→ BσG −→ G −→ 1
associated to the given G-normal structure σG : G → Out(A) on A, cf. (4.7). Since U(T ) is
a central subgroup of U(A), the group extension eˆ spelled out above as (14.24) is a central
extension and, as noted in Proposition 13.2, G-crossed pair structures on eˆ are equivalent to
BσG-actions on U(A) that turn U(A)→ BσG into a crossed module. Thus the action of BσG
on U(A) that results from the given G-normal structure σG : G → Out(A) via the associated
crossed 2-fold extension e(A,σG) induces a crossed pair structure ψˆ : G→ OutBσG (eˆ) on eˆ with
respect to the group extension
1 // U(A)/U(T ) // BσG // G // 1
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and the G-module U(T ). Then the canonical homomorphism γˆ : AutBσG (eˆ)→ Aut(A) yields
a morphism
0 // U(T ) // U(A) // AutBσG (eˆ)
γˆ

// OutBσG (eˆ)
γˆ♯

// 1
0 // U(T ) // U(A) // Aut(A) // Out(A) // 1
of crossed 2-fold extensions such that the composite
G
ψˆ−→ OutBσG (eˆ)
γˆ♯−→ Out(A) (14.26)
coincides with σG : G→ Out(A).
Proposition 14.13. Let k ∈ H3(Q,U(S)), let (A, σG) be a G-normal central T -algebra, and
suppose that inf(k) = [e(A,σG)] ∈ H3(G,U(T )). Then there is a group extension
e˜ : 0 −→ U(T ) −→ Γ −→ BσN −→ 1
together with a crossed pair structure ψ˜ : Q → OutBσG (e˜) on e˜ with respect to the group
extension (14.23) and the BσG-module U(T ), the requisite module structure being induced by
the map BσG → G in e(A,σG), related with the other data in the following way, where Bψ˜
denotes the fiber product group AutBσG (e˜)×OutBσG (e˜) Q with respect to ψ˜ : Q→ OutBσG (e˜).
(i) The crossed 2-fold extension
eψ˜ : 0 −→ U(S) −→ Γ −→ Bψ˜ −→ Q −→ 1
associated to the crossed pair (e˜, ψ˜), cf. (13.5), represents k.
(ii) Relative to the obvious actions of the group AutBσG (e˜) (⊆ Aut(Γ) × BσG) on the groups
U(T ),U(A),U(A)/U(T ), Γ, BσN and N , the extension group Γ in e˜ fits into a commutative
diagram of AutBσG (e˜)-groups with exact rows and columns as follows:
1 1y y
eˆ : 0 −−−−→ U(T ) −−−−→ U(A) −−−−→ U(A)/U(T ) −−−−→ 1∥∥∥ y yφ
e˜ : 0 −−−−→ U(T ) −−−−→ Γ −−−−→ BσN −−−−→ 1y y
N Ny y
1 1
(14.27)
Proof. By [Hue81b, Theorem 2], the morphism 14.25 of group extensions induces a morphism
for the corresponding eight term exact sequences in group cohomology constructed in [Hue81b].
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In particular, Φ induces the commutative diagram
H2(BσG ,U(T )) // Xpext(BσG , BσN ; U(T ))
Φ∗

∆
// H3(Q,U(S))
inf

// H3(BσG ,U(T ))
H2(BσG ,U(T )) // Xpext(BσG ,U(A)/U(T );U(T ))
∆
// H3(G,U(T )) // H3(BσG ,U(T )).
By the construction of ∆, cf. Subsection 13.1 above or [Hue81b, Subsection 1.2],
∆[(eˆ, ψˆ)] = [e(A,σG)], and so, by exactness, inf(k) = [e(A,σG)] goes to zero in H
3(BσG ,U(T )).
Therefore k goes to zero in H3(BσG ,U(T )), and hence there is a group extension
e˜ : 0 −→ U(T ) −→ Γ −→ BσN −→ 1
of the asserted kind together with a crossed pair structure ψ˜ : Q → OutBσG (e˜) on e˜ with
respect to the group extension (14.23) and the BσG-module U(T ) whose BσG-module structure
is induced by the projection BσG → G in e(A,σG) so that
∆[(e˜, ψ˜)] = k ∈ H3(Q,U(S));
moreover, making a suitable choice of (e˜, ψ˜) by means of some diagram chase if need be, we
can arrange for [(e˜, ψ˜)] to go to [(eˆ, ψˆ)] in the sense that
Φ∗[(e˜, ψ˜)] = [(eˆ, ψˆ)] ∈ Xpext(BσG ,U(A)/U(T ); U(T )).
The crossed pair (e˜, ψ˜) has the asserted properties. For ∆[(e˜, ψ˜)] = [eψ˜] by definition, and
so assertion (i) holds. Moreover, since Φ∗[(e˜, ψ˜)] = [(eˆ, ψˆ)], assertion (ii) holds as well. The
details are as follows, cf. [Hue81b, Subsection 2.2].
Since Φ∗[(e˜, ψ˜)] = [(eˆ, ψˆ)], we may identify (eˆ, ψˆ) with the induced crossed pair (e˜Φ, ψ˜Φ),
cf. [Hue81b]. Recall that e˜Φ is the group extension induced from e˜ via the injective homomor-
phism φ : U(A)/U(T ) → BσN and let U = ker(Γ −→ N); since φ identifies U(A)/U(T ) with
the kernel of BσN → N , we can write the induced group extension e˜Φ as
e˜Φ : 0 −→ U(T ) −→ U −→ U(A)/U(T ) −→ 1.
To explain the induced crossed pair structure ψ˜Φ : G → OutBσG (e˜Φ), we note first that the
injection U→ Γ induces a morphism
0 // U(S) // U

// AutBσG (e˜) // OutBσG (e˜)×Q G

// 1
0 // U(S) // Γ // AutBσG (e˜) // OutBσG (e˜) // 1
of crossed 2-fold extensions. Moreover, restriction of the operators on Γ to U yields a homo-
morphism
res : AutBσG (e˜) −→ AutBσG (e˜Φ),
and this homomorphism, in turn, yields a morphism
0 // U(S)

// U // AutBσG (e˜)
res

// OutBσG (e˜)×Q G
res♭

// 1
0 // U(T ) // U // AutBσG (e˜Φ) // OutBσG (e˜Φ) // 1
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of crossed 2-fold extensions. The crossed pair structure ψ˜Φ : G→ OutBσG (e˜Φ) is the composite
G
ψ˜G−→ OutBσG (e˜)×Q G res♭−→ OutBσG (e˜Φ)
of res♭ with the canonical lift of the crossed pair structure ψ˜ : Q → OutBσG (e˜) on e˜ to a
homomorphism ψ˜G : G → OutBσG (e˜) ×Q G; see [Hue81b, Propositions 2.3 and 2.4]. The
identity Φ∗[(e˜, ψ˜)] = [(eˆ, ψˆ)] means that the two crossed pairs (eˆ, ψˆ) and (e˜Φ, ψ˜Φ) are congruent
as crossed pairs. Thus we may take U to be U(A) such that the following hold:
• The injection U(A)→ Γ induces a morphism eˆ→ e˜ of group extensions whose restriction
to U(T ) is the identity, as displayed in diagram (14.27) above, and
• the crossed pair structure ψˆ : G→ OutBσG (eˆ) on eˆ is the composite
G
ψ˜G−→ OutBσG (e˜)
res♯−→ OutBσG (eˆ) (14.28)
of ψ˜G with the homomorphism res♯ : OutBσG (e˜) ×Q G → OutBσG (eˆ) induced by the
obvious restriction homomorphism res : AutBσG (e˜) −→ AutBσG (eˆ).
The morphism eˆ → e˜ of group extensions yields the commutative diagram (14.27) and, by
construction, this is a commutative diagram of AutBσG (e˜)-groups.
We continue the proof of Theorem 14.10. Maintaining the hypotheses of Proposition 14.13,
we write
e: 1 −→ U(A) j−→ Γ −→ N −→ 1
for the group extension that arises as the middle column of diagram (14.27) and denote by
ϑ : Γ→ Aut(A) the combined homomorphism
Γ −→ BσN −→ Aut(A).
Consider the crossed product algebra (A,N, e, ϑ). By construction
(A,N, e, ϑ) = AtΓ/ < a− j(a), a ∈ U(A) >,
cf. Section 5. By Proposition 5.3(iv), since T |S is a Galois extension of commutative rings
with Galois group N , the group Γ now gets identified with the normalizer NU(A,N,e,ϑ)(A) of
A in the crossed product algebra (A,N, e, ϑ).
Recall the notation BσG for the fiber product group Aut(A)×Out(A) G with respect to the
given G-normal structure σG : G→ Out(A) on A, cf. Subsection 4.4. Furthermore, recall from
Subsection 13.1 above that AutBσG (e˜) denotes the subgroup of Aut(Γ)×BσG that consists of
the pairs (α, x) which render the diagram
e˜ : 0 −−−−→ U(T ) −−−−→ Γ −−−−→ BσN −−−−→ 1
ℓx
y αy ixy
e˜ : 0 −−−−→ U(T ) −−−−→ Γ −−−−→ BσN −−−−→ 1
commutative; here, given x ∈ BσG , the notation ix : BσN → BσN refers to conjugation by
x ∈ BσG and ℓx : U(T )→ U(T ) to the canonical action of BσG on U(T ) (recall that T denotes
the center of A) induced from the action of BσG on A and hence on U(T ) via the canonical
homomorphism BσG → Aut(A).
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Proposition 14.14. Setting
(α,x)(ay) = xaαy, a ∈ A, y ∈ Γ, (14.29)
where (α, x) ∈ AutBσG (e˜) (⊆ Aut(Γ)×BσG ⊆ Aut(Γ)× Aut(A)×G), we obtain a homomor-
phism
γ : AutBσG (e˜) −→ AutA(A,N, e, ϑ),
and this homomorphism, in turn, yields morphisms
0 // U(S) // Γ // AutBσG (e˜)
γ

// OutBσG (e˜)
γ♯

// 1
0 // U(S) // NU(A,N,e,ϑ)(A) // AutA(A,N, e, ϑ) // OutA(A,N, e, ϑ) // 1
and
0 // U(S) // U(A) // AutBσG (e˜)
γ

// OutBσG (e˜)×Q G
γ♭

// 1
0 // U(S) // U(A) // AutA(A,N, e, ϑ) // Out((A,N, e, ϑ), A) // 1
of crossed 2-fold extensions. Furthermore, the homomorphisms γ♯, γ♭, and the obvious unla-
beled homomorphisms render the diagram
OutBσG (e˜)×Q G −−−−→ OutBσG (e˜)
γ♭
y γ♯y
Out((A,N, e, ϑ), A) −−−−→ OutA(A,N, e, ϑ)
(14.30)
commutative.
Proof. The left A-module that underlies the twisted group ring AtΓ is the free A-module
having Γ as an A-basis, whence it is manifest that (14.29) yields an action of the group
AutBσG (e˜) on that left A-module.
Next we show that the AutBσG (e˜)-action on the left A-module that underlies the twisted
group ring AtΓ is compatible with the multiplicative structure of AtΓ. To this end, consider
the crossed module (Γ,AutBσG (e˜), β), cf. the middle columns of the commutative diagram
(13.3) above. Since β : Γ → AutBσG (e˜) is a morphism of AutBσG (e˜)-groups, given y ∈ Γ and
(α, x) ∈ AutBσG (e˜),
β((α,x)y) = (α, x)β(y)(α, x)−1 ∈ AutBσG (e˜).
Let can : AutBσG (e˜)→ Aut(A) denote the canonical homomorphism. It is now manifest that
the action ϑ : Γ→ Aut(A) of Γ on A factors through β, that is, ϑ coincides with the combined
homomorphism
Γ
β−→ AutBσG (e˜) can−→ Aut(A).
Hence, given (α, x) ∈ AutBσG (e˜) (⊆ Aut(Γ)×BσG), b ∈ A, and y ∈ Γ,
xϑ(y)x−1b = ϑ(
αy)b. (14.31)
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Thus, given (α, x) ∈ AutBσG (e˜), y ∈ Γ, a ∈ A, in view of (14.31) we conclude
(α,x)(ya) = (α,x)(ϑ(y)a y) = (xϑ(y)x
−1xa)αy = (ϑ(
αy)xa)αy = αy xa.
Consequently (14.29) yields an action of AutBσG (e˜) on the algebra AtΓ.
Finally, to show that the action of AutBσG (e˜) on the algebra AtΓ preserves the two-sided
ideal < a − j(a), a ∈ U(A) > in AtΓ, let a ∈ U(A) and (α, x) ∈ AutBσG (e˜). In view of
Proposition 14.13(ii), j(xa) = α(j(a)), whence
(α,x)(a− j(a)) = (xa− j(xa)).
With respect to the crossed pair structure ψ˜ : Q→ OutBσG (e˜) on e˜, the fiber product group
Bψ˜ = AutBσG (e˜)×OutBσG (e˜)Q is defined. As before, we denote by ψ˜G : G→ OutBσG (e˜)×QG
the canonical lift, into the fiber product group with respect to the surjection πQ : G → Q, of
the crossed pair structure ψ˜ : Q → OutBσG (e˜) on e˜. Define χG : G → Out((A,N, e, ϑ), A) to
be the combined homomorphism
χG : G
ψ˜G−→ OutBσG (e˜) γ♭−→ Out((A,N, e, ϑ), A). (14.32)
Moreover, the composite homomorphism
σQ : Q
ψ˜−→ OutBσG (e˜)
γ♯−→ OutA(A,N, e, ϑ)
yields a Q-normal structure σQ : Q → OutA(A,N, e, ϑ) on the central S-algebra (A,N, e, ϑ).
Denote by i : Γ→ U(A,N, e, ϑ) the inclusion and by γ˜ the combined homomorphism
γ˜ : Bψ˜
can−→ AutBσG (e˜) γ−→ AutA(A,N, e, ϑ). (14.33)
Proposition 14.15. Write C = (A,N, e, ϑ). The homomorphisms σQ, κG, χG, σG, i, and γ˜
match in the following sense.
(i) The homomorphisms σQ and χG yield a commutative diagram
e(T |S) : 1 −−−−→ N −−−−→ G
πQ−−−−→ Q −−−−→ 1
χN
y χGy χQy
e(A,C) : 1 −−−−→ NU(C)(A)/U(A) −−−−→ Out(C,A) −−−−→ OutA(C) −−−−→ 1
(14.34)
with exact rows.
(ii) The composite homomorphism
G
χG−→ Out((A,N, e, ϑ), A) res−→ Out(A) (14.35)
coincides with σG : G→ Out(A).
(iii) The two homomorphisms i and γ˜ yield a morphism of crossed 2-fold extensions
1 // U(S) // Γ
i

// Bψ˜
γ˜

// Q
σQ

// 1
1 // U(S) // U(A,N, e, ϑ) // AutA(A,N, e, ϑ) // OutA(A,N, e, ϑ) // 1
whence (i, γ˜) induces a congruence (1, i, ·, 1): eψ˜ −→ e((A,N,e,ϑ),σQ) of crossed 2-fold extensions.
(iv) The homomorphism χN : N → NU(C)(A)/U(A) turns the embedding of A into
C = (A,N, e, ϑ) into a strong N -normal Deuring embedding with respect to Id: N → Aut(T |S).
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Proof. (i) It is obvious that the diagram
G
πQ−−−−→ Q
ψ˜G
y ψ˜y
OutBσG (e˜)×Q G −−−−→ OutBσG (e˜)
is commutative. Combining this diagram with the commutative diagram (14.30), we obtain the
right-hand square of (14.34). Since the lower row of that diagram is exact, the homomorphisms
χG and σQ induce the requisite homomorphism χN : N → NU(C)/U(A).
(ii) Consider the diagram
G
ψˆ &&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
ψ˜G
// OutBσG (e˜)×Q G
res♯

γ♭
// Out((A,N, e, ϑ), A)
res

OutBσG (eˆ)
γ♯
// Out(A)
The right-hand square is commutative in an obvious manner. The left-hand triangle is com-
mutative since, as noted earlier, the composite (14.28) coincides with ψˆ. The upper row yields
the homomorphism χG : G→ Out((A,N, e, ϑ), A), by the very definition (14.32) of χG.
As noted above, the composite (14.26), viz. G
ψˆ−→ OutBσG (eˆ)
γˆ♯−→ Out(A), yields the
given G-normal structure σG : G→ Out(A) on A. Consequently (14.35) coincides with the
structure map σG : G→ Out(A) as asserted.
(iii) This is obvious.
(iv) Consider the commutative diagram
e(T |S) : 1 −−−−→ N −−−−→ G −−−−→ Q −−−−→ 1
χN
y χGy σQy
e(A,C) : 1 −−−−→ NU(C)(A)/U(A) −−−−→ Out(C,A) −−−−→ OutA(C) −−−−→ 1
η♭
y resy resy
1 −−−−→ Aut(T |S) −−−−→ AutS(T ) res−−−−→ Aut(S).
By construction, the outer-most diagram coincides with the commutative diagram (12.1), and
the left-most column is the composite (4.9), with N substituted forQ and Aut(T |S) for Aut(S).
Consequently the composite η♭ ◦ χN : N → Aut(T |S) is the identity. Since T |S is a Galois
extension of commutative rings with Galois group N , by Proposition 5.3(ii), the algebra A
coincides with the centralizer of T in C = (A,N, e, ϑ) whence, by Proposition 4.11(iii), the
homomorphism η♭ is injective. Consequently η♭ and χN are isomorphisms, and
χN : N −→ NU(C)(A)/U(A)
turns the embedding of A into C into a strong N -normal Deuring embedding with respect to
Id: N → Aut(T |S).
We can now complete the proof of Proposition 14.13: Since the structure homomorphism
κG : G → Out(A) is a G-normal structure relative to the action κG : G → AutS(T ) of G on
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T , by definition, the composite homomorphism G
σG−→ Out(A) res−→ AutS(T ) coincides with
κG : G→ AutS(T ); since, by Proposition 14.15(ii), the homomorphism (14.35) coincides with
σG : G→ Out(A), we conclude that the composite
G
χG−→ Out((A,N, e, ϑ), A) res−→ AutS(T )
coincides with κG, cf. (14.11).
By Proposition 14.15(i), the diagram (14.34) is commutative, and by Proposition 14.15(iv),
the homomorphism χN : N → NU(C)(A)/U(A) turns the embedding of A into C into a
strong N -normal Deuring embedding with respect to Id: N → Aut(T |S). Consequently,
cf. (14.32), the homomorphism χG : G → Out((A,N, e, ϑ), A) turns the embedding of A into
(A,N, e, ϑ) into a strong Q-normal Deuring embedding with respect to the Q-normal structure
σQ : Q→ Out(A,N, e, ϑ) on (A,N, e, ϑ) and the structure extension (14.1).
Proposition 14.15(ii) says that the G-normal structure G→ Out(A) on A associated to the
strong Q-normal Deuring embedding, cf. (14.12), coincides with the given G-normal structure
σG : G→ Out(A) on A.
Proposition 14.13(i) and Proposition 14.15(iii) together entail that the Q-normal S-algebra
((A,N, e, ϑ), σQ) has Teichmüller class k as asserted since the crossed 2-fold extension eψ˜
represents k.
The proof of Theorem 14.10 is now complete.
Proof of Complement 14.11. This is a consequence of Proposition 5.4(xi).
Recall that Bψ˜ denotes the fiber product group Bψ˜ = AutBσG (e˜)×OutBσG (e˜)Q with respect
to the crossed pair structure ψ˜ : Q → OutBσG (e˜) on e˜, and that, likewise, BA,σQ denotes the
fiber product group BA,σQ = AutA(A,N, e, ϑ) ×Out(A,N,e,ϑ) Q with respect to the Q-normal
structure σQ : Q→ Out(A,N, e, ϑ) on (A,N, e, ϑ).
Complement 14.16. The canonical homomorphism Bψ˜ −→ BA,σQ induced by the action
γ˜ : Bψ˜ −→ AutA(A,N, e, ϑ) of Bψ˜ on the crossed product algebra (A,N, e, ϑ), cf. (14.33)
above, and the surjection Bψ˜ −→ Q is an isomorphism.
Proof. The homomorphism Bψ˜ → BA,σQ makes the diagram
0 // U(S) // Γ // Bψ˜

// Q // 1
0 // U(S) // NU(A,N,e,ϑ)(A) // BA,σQ // Q // 1
commutative whence the homomorphism Bψ˜ → BA,σQ is an isomorphism.
15 Behavior of the crossed Brauer group under Q-normal Ga-
lois extensions
Consider a Q-normal Galois extension T |S of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above,
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and denote the injection of S into T by i : S → T . Then the abelian group XB(T |S;G,Q) is
defined relative to the associated morphism (i, πQ) : (S,Q, κQ)→ (T,G, κG) in the change of
actions category Change, cf. (12.3) above.
Theorem 15.1. The sequence
XB(T |S;G,Q) t−→ H3(Q,U(S)) inf−→ H3(G,U(T ))
is exact and, furthermore, natural in the data. Moreover, each class in the image of t is also
the Teichmüller class of some crossed pair algebra.
Proof. The naturality of the constructions entails that inf ◦ t = 0. Moreover, by Theorem 13.5,
ker(inf) ⊂ im(t), and each class in the image of t comes from some crossed pair algebra.
Let Pic(T |S) denote the kernel of the homomorphism Pic(S) → Pic(T ) induced by
i : S → T . Our next aim is to construct a homomorphism from H1(Q,Pic(T |S)) to
XB(T |S;G,Q). To this end, view T as an S-module in the obvious way and let A = EndS(T ).
Now, given an automorphism α of A so that α|S is the identity, as above we can turn T into
a new A-module αT be means of α, and J(α) = HomA(αT, T ) is a faithful finitely generated
projective rank one S-module; since A ⊗ T is a matrix algebra, J(α) represents a member
of Pic(T |S), and the association α 7→ [J(α)] yields a homomorphism Aut(A|S) → Pic(T |S)
which we claim to be surjective. In order to justify this claim, we first observe that the ob-
vious map j : T tN → A, as explained in Section 2, is an isomorphism, since T |S is a Galois
extension of commutative rings with Galois group N . Now, given a derivation d : N → U(T ),
define the automorphism αd of T tN by
αd(tn) = d(n)tn, t ∈ T, n ∈ N.
Then
Der(N,U(T )) −→ Aut(T tN |S), d 7−→ αd,
is a homomorphism, and [J(αd)] ∈ Pic(T |S) is the image of [d] ∈ H1(N,U(T )) under the
standard isomorphism H1(N,U(T )) → Pic(T |S) (with N and T substituted for Q and S,
respectively, this is, e.g., a consequence of the exactness of (10.1) at the second term). Hence
the homomorphism Aut(A|S)→ Pic(T |S) is surjective as asserted. Consequently the obvious
homomorphism from Aut(A|S) to Aut(A,Q) fits into a commutative diagram
Aut(A|S)

// Pic(T |S)

∼=
// Out(A|S)
Aut(A,Q) // Out(A,Q)
where the horizontal maps are surjective. Since the G-action on T and that on N induce
a canonical section σ0 : Q → Out(A,Q), the canonical homomorphism Out(A,Q) → Q is
surjective as well. Consequently the sequence
0 −→ Pic(T |S) −→ Out(A,Q) −→ Q −→ 1
is exact. Now, given a derivation d : Q→ Pic(T |S), define the homomorphism
σd : Q −→ Out(A,Q)
by σ(q) = d(q)σ0(q), as q ranges over Q. Then (A, σd) is a Q-normal Azumaya S-algebra.
We mention without proof the following.
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Theorem 15.2. The association d 7→ (EndS(T ), σd), as d ranges over derivations from Q to
Pic(T |S), yields a natural isomorphism
H1(Q,Pic(T |S)) −→ XB(S|S; {e}, Q) ∩XB(T |S;G,Q)
of abelian groups in such a way that the resulting sequence
0 −→ H1(Q,Pic(T |S)) −→ XB(T |S;G,Q) −→ H0(Q,B(T |S)) (15.1)
is exact.
16 Relative theory and equivariant Brauer group
Given a morphism (f, ϕ) : (S,Q, κ) → (T,G, λ) in the change of actions category
Change introduced in Subsection 3.7, we denote by EB(T |S;G,Q) the kernel of the combined
map
EB(S,Q) −→ XB(S,Q) −→ XB(T,G);
this kernel EB(T |S;G,Q) is the subgroup of EB(S,Q) that consists of classes of Q-equivariant
S-algebras (A, τ) so that (A ⊗ T, τ(f,ϕ)) is an induced G-normal split algebra and hence, in
view of Corollary 7.7, an induced G-equivariant split algebra; see Proposition 4.10(ii) for
the notation τ(f,ϕ). Thus, in particular, EB(S|S;Q,Q) is the kernel of the canonical homo-
morphism from EB(S,Q) to XB(S,Q) whereas EB(S|S; {e}, Q) is the kernel of the forgetful
homomorphism from EB(S,Q) to B(S). It is obvious that the restriction homomorphism res
from EB(S,Q) to XB(S,Q) induces a homomorphism res : EB(T |S;G,Q) −→ XB(T |S;G,Q).
Consider a Q-normal Galois extension T |S of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above,
and denote the injection of S into T by i : S → T . Then the abelian groups EB(T |S;G,Q)
and XB(T |S;G,Q) are defined relative to the morphism (i, πQ) : (S,Q, κQ) −→ (T,G, κG) in
the change of actions category Change associated with the data, cf. (12.3) above.
Theorem 16.1. Suppose that Q is a finite group. Then the sequence
EB(T |S;G,Q) res→ XB(T |S;G,Q) t→ H3(Q,U(S)) inf→ H3(G,U(T )) (16.1)
is exact and natural.
Proof. The statement of the theorem is a consequence of Theorems 6.1, 8.1 (ii), 9.1, 14.9, and
15.1.
For if (A, σ) represents a member of XB(T |S;G,Q) with zero Teichmüller class, by Theo-
rem 6.1, we may assume (A, σ) to be equivariant, i.e., σ = στ for some equivariant structure
τ . Now the G-normal algebra (A ⊗ T, σ(i,πG)) represents zero in XB(T,G) and hence is an
induced G-normal split algebra, by Theorem 8.1 (ii). By Corollary 7.7, (A ⊗ T, τ(i,πG)) is an
induced G-equivariant split algebra.
Let R = SQ, let eG : U(T )
ieG
֌ ΓG
πeG
։ G be a group extension, and denote the restriction
to N of the group extension eG by eN : U(T )֌ ΓN
πeN
։ N . Then the crossed product S-
algebra A = (T,N, eN , πeN ) and the crossed product R-algebra (T,G, eG, κG◦πeG) are defined,
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the former being an Azumaya S-algebra, since T |S is a Galois extension of commutative
rings with Galois group N (cf. Proposition 5.4 (xi)), and (T,G, eG, κG ◦ πeG) contains A
as a subalgebra. Consider the resulting group extension eQ : ΓN
jeQ
֌ ΓG
πeQ
։ Q, of the kind
(5.1), and introduce the notation iΓN : ΓN → U(A) for the obvious injection. Conjugation
in ΓG induces an action ϑeG : ΓG → Aut(A) of ΓG on A such that the pair (iΓN , ϑeG) is a
morphism (ΓN ,ΓG, jeQ) → (U(A),Aut(A), ∂) of crossed modules of the kind (5.2), and this
morphism, in turn, induces a Q-normal structure σϑeG : Q→ Out(A) on A; thus the crossed
product R-algebra of (T,G, eG, κG ◦πeG) can now be written as the crossed product R-algebra
(A,Q, eQ, ϑeG) relative to the group extension eQ and the morphism (i
ΓN , ϑeG) of crossed
modules, cf. Section 5. In particular, the left A-module MeQ that underlies the algebra
(T,G, eG, κG ◦ πeG) ∼= (A,Q, eQ, ϑeG) is free with basis in one-one correspondence with the
elements of Q, and the Q-equivariant structure τeQ : Q −→ Aut(A End(MeQ)) given as (5.5) is
defined. When the group Q is finite, the algebra A End(MeQ) is an Azumaya S-algebra.
Proposition 16.2. Suppose that the group Q is finite. Then the assignment to a group exten-
sion eG of G by U(T ) of the Q-equivariant algebra (A End(MeQ)
op, τopeQ) yields a homomorphism
cpr : H2(G,U(T )) −→ EB(T |S;G,Q) (16.2)
of abelian groups that is natural on the change of actions category Change. In the special case
where T = S and N is the trivial group, the homomorphism (16.2) comes essentially down to
(9.2), viz.
cpr: H2(Q,U(S)) −→ EB(S|S;Q,Q). (16.3)
17 The eight term exact sequence
Given a morphism (f, ϕ) : (S,Q, κ) → (T,G, λ) in the change of actions category Change
introduced in Subsection 3.7, the group Q being finite, the corresponding relative version of
the exact sequence (10.1) takes the following form:
. . .
ωPicS,Q−→ H2(Q,U(S)) cpr−→ EB(T |S;G,Q) res−→ XB(T |S;G,Q) t−→ H3(Q,U(S)) (17.1)
Remark 17.1. In the special case where T = S and G is the trivial group, in view of the iso-
morphism (8.3)) from XB(S|S; {e}, Q) onto H1(Q,Pic(S)), the exact sequence (17.1) has the
form of the C(hase-)R(osenberg-)A(uslander-)B(rumer) sequence [CR65, Theorem 7.6 p. 62],
[Bru66]. Other versions of the CRAB-sequence were obtained by Childs [Chi72, Theorem 2.2],
Fröhlich and Wall [FW71a, Theorem 1], [FW71b], [FW00, Theorem 4.2] (upper and middle
long sequence), Hattori [Hat79], Kanzaki [Kan68], Ulbrich [Ulb79], Yokogawa [Yok78], and
Villamayor-Zelinski [VZ78].
Consider a Q-normal Galois extension T |S of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above,
and denote the injection of S into T by i : S → T . Then the abelian groups EB(T |S;G,Q)
and XB(T |S;G,Q) are defined relative to the morphism (i, πQ) : (S,Q, κQ) −→ (T,G, κG) in
the change of actions category Change associated with the data, cf. (12.3) above.
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Theorem 17.2. The group Q being finite, the extension
0 −→H1(Q,U(S))
jPicS,Q−→ EPic(S,Q)
µPicS,Q−→ (Pic(S))Q
ωPicS,Q−→ H2(Q,U(S))
cpr−→EB(T |S;G,Q) res−→ XB(T |S;G,Q) t−→ H3(Q,U(S)) inf−→ H3(G,U(T ))
(17.2)
of the exact sequence (3.15) is defined and yields an eight term exact sequence that is natural
in terms of the data. If, furthermore, S|R and T |R are Galois extensions of commutative rings
over R = SQ = TG, with Galois groups Q and G, respectively, then, with Pic(S|R), Pic(R) and
B(T |R) substituted for, respectively H1(Q,U(S)), EPic(S,Q) and EB(S,Q), where R = SQ,
the homomorphisms cpr and res being modified accordingly, the sequence is exact as well.
Proof. This is an immediate consequence of Theorem 10.1 and Theorem 16.1.
Remark 17.3. In terms of the notation B0(R; Γ) for the group that corresponds to our
EB(S|S;Q,Q) (where our notation Q and S corresponds to Γ and R, respectively), a ho-
momorphism of the kind (16.3) above is given in [FW00, Theorem 4.2]. After the statement
of Theorem 4.2, the authors of [FW00] remark that there is no direct construction for the map
from H2(Γ;U(R)) to B0(R; Γ). Our construction of (16.3) is direct, however.
Remark 17.4. In the special case where T |S|R are ordinary Galois extensions of fields, the
exact sequence boils down to the classical low degree five term exact sequence
0→ H2(Q,U(S))→ H2(G,U(T ))→ H2(N,U(T ))Q → H3(Q,U(S))→ H3(G,U(T )), (17.3)
see [HS53, p. 130].
18 Relationship with the eight term exact sequence in the co-
homology of a group extension
Let T |S be a Q-normal Galois extension of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above;
in particular, N is a finite group. Since U(T )N coincides with U(S), the eight term exact
sequence in [Hue81b] associated with the group extension e(T |S) and the G-module U(T ),
reproduced as (13.4) above, has the following form:
0 −→H1(Q,U(S)) inf−→ H1(G,U(T )) res−→ H1(N,U(T ))Q ∆−→ H2(Q,U(S))
inf−→H2(G,U(T )) j−→ Xpext(G,N ; U(T )) ∆−→ H3(Q,U(S)) inf−→ H3(G,U(T )).
(18.1)
18.1 Relationship between the two long exact sequences
Consider the morphism (i, πQ) : (S,Q, κQ) −→ (T,G, κG) associated to the given Q-normal
Galois extension, cf. 12.3, in the change of actions category Change introduced in Subsection
3.7. The abelian groups EB(T |S;G,Q) and XB(T |S;G,Q) are now defined relative to this
morphism.
The assignment to a crossed pair (e : U(T )֌ Γ։ N, ψ : Q→ OutG(e)) with respect to
e(T |S) and U(T ) of its associated crossed pair algebra (Ae, σψ), cf. Section 13 above, yields a
homomorphism
cpa: Xpext(G,N ; U(T )) −→ XB(T |S;G,Q). (18.2)
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Let EPic(T |S,Q) denote the kernel of the induced homomorphisms
EPic(S,Q)
µPicS,Q−→ Pic(S) i∗−→ Pic(T )
and Pic(T |S) that of the induced homomorphism i∗ : Pic(S) → Pic(T ). With T and G
substituted for S and Q, respectively, the isomorphism (3.17) takes the form
jPicT,G : H
1(G,U(T )) −→ EPic(T |T,G), (18.3)
and Galois descent, cf. Subsection 2.2 (ii), yields an isomorphism
EPic(T |S,Q) −→ EPic(T |T,G)
whence (18.3) induces a homomorphism
H1(G,U(T )) −→ EPic(T |S,Q) (18.4)
of abelian groups. The homomorphism (18.4) admits, of course, a straightforward direct
description. Likewise, with T and N substituted for Q and S, respectively, the isomorphism
(3.17) takes the form
jPicT,N : H
1(N,U(T )) −→ EPic(T |T,N), (18.5)
and Galois descent yields an isomorphism Pic(T |S) → EPic(T |T,N) whence (18.5) induces
an isomorphism
H1(N,U(T )) −→ Pic(T |S) (18.6)
of abelian groups, necessarily compatible with the Q-module structures; the isomorphism
(18.6) is entirely classical. Below we do not distinguish in notation between (18.4) and
its composite H1(G,U(T )) → EPic(T,Q) with the canonical injection of EPic(T |S,Q) into
EPic(T,Q), nor between (18.6) and its composite H1(N,U(T )) → Pic(S) with the canonical
injection Pic(T |S)→ Pic(S). Direct inspection establishes the following.
Theorem 18.1. The group Q being finite, the homomorphisms (18.4), (18.6), (16.2), and
(18.2) of abelian groups are natural on the category Change and induce a morphism of exact
sequences from (18.1) to (17.2).
Remark 18.2. Consider the classical case where R, S, and T are fields. Now the group
Xpext(G,N ; U(T )) comes down to H2(N,U(T ))Q and XB(T |S;G,Q) to B(T |S)Q, and (18.2)
boils down to the classical isomorphism H2(N,U(T ))Q → B(T |S)Q. Furthermore, the groups
H1(N,U(T )), H1(G,U(T )), EPic(T |S,Q), and Pic(T |S) are zero, and (16.2) is an isomorphism.
Thus the morphism (18.1) → (17.2) of exact sequences in Theorem 18.1 above is then an
isomorphism of exact sequences.
18.2 An application
Let T |S be a Galois extension of commutative rings, with Galois group N , suppose that T
carries a Q-action that extends the given Q-action on S, and define the group EB(T |S,Q) to
be the kernel of the induced homomorphism EB(S,Q) → EB(T,Q). Relative to the induced
Q-action on N , the semi-direct product group N⋊Q is defined, and T |S is a Q-normal Galois
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extension of rings, having as structure extension the split extension e(T |S) : N ֌ N ⋊Q։ Q.
Consider the commutative diagram
0 0 0y y y
0 −−−−→ ˜EB(T |S,Q) −−−−→ EB(T |S;N ⋊Q,Q) −−−−→ EB(T |T ;Q,Q)y y y
0 −−−−→ EB(T |S,Q) −−−−→ EB(S,Q) −−−−→ EB(T,Q)y y y
0 −−−−→ XB(T ;Q,N ⋊Q) −−−−→ XB(T,N ⋊Q) −−−−→ XB(T,Q)
(18.7)
of abelian groups with exact rows and columns, the subgroup ˜EB(T |S,Q) of EB(T |S,Q) being
defined by the requirement that the upper row be exact.
The group N being finite, suppose now that Q is a finite group as well. The corresponding
homomorphism (16.2), viz. cpr: H2(N ⋊Q,U(T ))→ EB(T |S;N ⋊Q,Q), and the homomor-
phism (16.3), with T substituted for S, viz. cpr: H2(Q,U(T )) → EB(T |T ;Q,Q), yield the
commutative diagram
0 −−−−→ ker(res) −−−−→ H2(N ⋊Q,U(T )) res−−−−→ H2(Q,U(T ))y cpry cpry
0 −−−−→ ˜EB(T |S,Q) −−−−→ EB(T |S;N ⋊Q,Q) −−−−→ EB(T |T ;Q,Q)
(18.8)
with exact rows and hence a homomorphism ker(res) → EB(T |S,Q) of abelian groups. Sup-
pose, furthermore, that S and T are fields. Then the homomorphism from XB(T,N ⋊ Q)
to XB(T,Q) in the lower row of the diagram (18.7) comes down to the obvious injection
B(T )N⋊Q → B(T )Q whence the group XB(T ;Q,N ⋊ Q) is now trivial and the inclusion
˜EB(T |S,Q) ⊆ EB(T |S,Q) is the identity. Moreover, the right-hand and the middle vertical
arrow in (18.8) are isomorphisms whence the induced homomorphism ker(res)→ EB(T |S,Q)
is an isomorphism. This observation recovers and casts new light on the main result of [CG06],
obtained there via relative group cohomology. Our argument is elementary and does not in-
voke relative group cohomology. Indeed, the main point of our reasoning is the identification
of the group cohomology group H2(N ⋊ Q,U(T )) with the group EB(T |S;N ⋊ Q,Q); un-
der the present circumstances, this group is the subgroup of the Q-equivariant Brauer group
EB(S,Q) of S that consists of classes of Q-equivariant central simple S-algebras A such that
A ⊗ T is a matrix algebra over T . Likewise, the group EB(T |T ;Q,Q) is the subgroup of
the Q-equivariant Brauer group EB(T,Q) of T that consists of classes of Q-equivariant ma-
trix algebras over T . The group EB(T |S,Q) then appears as the kernel of the canonical
homomorphism EB(T |S;N ⋊ Q,Q) → EB(T |T ;Q,Q) and, in view of the identifications of
H2(N ⋊Q,U(T )) with EB(T |S;N ⋊Q,Q) and of H2(Q,U(T )) with EB(T |T ;Q,Q), the iden-
tification of ker(res : H2(N ⋊ Q,U(T )) → H2(Q,U(T ))) with EB(T |S,Q) is immediate. In
particular, when the group Q is trivial, that result comes down to the classical Brauer-Hasse-
Noether isomorphism between the corresponding second group cohomology group and the
corresponding subgroup of the ordinary Brauer group.
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18.3 A variant of the relative theory
In the situation of the relative versions (17.1) and (17.2) of the long exact sequence (10.1), in
general, there is no obvious reason for a homomorphism ω from H0(Q,B(T |S)) to
H2(Q,Pic(T |S)) to exist that would complete
H0(Q,B(T |S))

H2(Q,Pic(T |S))

H0(Q,B(S))
ω
// H2(Q,Pic(S))
to a commutative square and hence would complete the exact sequence (15.1) to a correspond-
ing relative version of an exact sequence of the kind (3.14). We now show that a variant of
the relative theory includes such a homomorphism.
The object (S,Q, κQ) of the category Change being given, let (T,G, κG) be another object
of Change, and let (f, ϕ) : (S,Q, κQ)→ (T,G, κG) be a morphism in Change having ϕ : G→ Q
surjective, cf. Subsection 3.7.
The standard approach
We say that two Q-normal Azumaya S-algebras (A1, σ1) and (A2, σ2) such that T ⊗ A1 and
T ⊗A2 are matrix algebras over T are relatively Brauer equivalent if there are faithful finitely
generated projective S-modules modules M1 and M2 having the property that T ⊗M1 and
T ⊗M2 are free as T -modules, together with induced Q-normal structures
ρ1 : Q→ Out(B1), B1 = EndS(M1), ρ2 : Q→ Out(B2), B2 = EndS(M2),
such that (A1⊗B1, σ1⊗ ρ1) and (A2⊗B2, σ2⊗ ρ2) are isomorphic Q-normal S-algebras. Just
as for XB(S,Q), under the operations of tensor product and that of taking opposite algebras,
the equivalence classes constitute an abelian group, the identity element being represented by
(S, κQ). We refer to this group as the T -relative Q-crossed Brauer group of S with respect
to the morphism (f, ϕ) in Change, denote this group by XBfr(T |S;G,Q), and we refer to
the construction just given as the standard construction. The T -relative Q-equivariant Brauer
group EBfr(T |S;G,Q) with respect to the morphism (f, ϕ) in Change arises in the same way as
the relative Q-crossed Brauer group, save that, in the definition, ‘equivariant’ is substituted
for ‘crossed’, and we likewise say that this construction is the standard construction. In
particular, when we forget the actions, that is, we take the groups G and Q to be trivial, this
construction yields an abelian group Bfr(T |S) which we refer to as the T -relative Brauer group
of S, obtained by the standard construction.
The group Bfr(T |S) acquires a Q-module structure. Indeed, let R = SQ. Given an S-
module M and x ∈ Q, let xM denote the S-module whose underlying R-module is just M ,
and whose S-module structure is given by
S ⊗M −→M, (s⊗ q) 7−→ xs q, s ∈ S, q ∈M.
Consider a faithful finitely generated projective S-module M such that T ⊗M is a free T -
module, let x ∈ Q, and pick a pre-image y ∈ G of x ∈ Q. Then the association
T ⊗ xM −→ y(T ⊗M), t⊗ q 7−→ yt⊗ q, (18.9)
88
yields an isomorphism of T -modules, and since T ⊗M is a free T -module, so is y(T ⊗M);
further,
T ⊗ x EndS(M) ∼= y(T ⊗ EndS(M)) ∼= y(T ⊗ EndS(M)) ∼= EndS(y(T ⊗M))
is a matrix algebra over T . Likewise, given an Azumaya S-algebra A such that T ⊗ A is a
matrix algebra over T and x ∈ Q, to show that T ⊗ xA is a matrix algebra over T , pick
a pre-image y ∈ G of x ∈ Q and note that the corresponding association (18.9) yields an
isomorphism of T -algebras. Since T ⊗A is a matrix algebra over T , so is y(T ⊗A).
By construction, the canonical homomorphism
Bfr(T |S) −→ B(T |S)
is a morphism of Q-modules but in general there is no reason for this homomorphism to be
injective nor to be surjective. The assignment to a Q-equivariant Azumaya S-algebra repre-
senting a member of EBfr(T |S;G,Q) of the associated Q-normal Azumaya S-algebra yields
a homomorphism resfr : EBfr(T |S;G,Q) → XBfr(T |S;G,Q) of abelian groups, the assign-
ment to a Q-normal Azumaya S-algebra (A, σ) representing a member of XBfr(T |S;G,Q) of
its Teichmüller complex e(A,σ) yields a homomorphism tfr : XBfr(T |S;G,Q) −→ H3(Q,U(S))
of abelian groups and, when the group Q is finite, the construction of the homomorphism
cpr : H2(Q,U(S))→ EB(T |S;G,Q), cf. (16.3) above, lifts to a homomorphism
cprfr : H
2(Q,U(S)) −→ EBfr(T |S;G,Q).
Remark 18.3. The abelian groups EB(T |S;G,Q) and XB(T |S;G,Q) being defined relative to
the given morphism (f, ϕ) in Change, the obvious maps yield homomorphisms
EBfr(T |S;G,Q) −→ EB(T |S;G,Q) (18.10)
XBfr(T |S;G,Q) −→ XB(T |S;G,Q) (18.11)
of abelian groups that make the diagram
EBfr(T |S;G,Q) resfr−−−−→ XBfr(T |S;G,Q) tfr−−−−→ H3(Q,U(S))y y ∥∥∥
EB(T |S;G,Q) res−−−−→ XB(T |S;G,Q) t−−−−→ H3(Q,U(S))
commutative and, when the group Q is finite, the homomorphisms cprfr from H
2(Q,U(S)) to
EBfr(T |S;G,Q) and cpr from H2(Q,U(S)) to EB(T |S;G,Q) extend the diagram to a larger
commutative diagram having four terms in each row. However, there is no reason for the
homomorphisms (18.10) or (18.11) to be injective nor to be surjective, nor is there a reason,
when Q is a finite group, for cprfr : H
2(Q,U(S)) → EBfr(T |S;G,Q) to be injective or surjective.
In the classical situation where R, S, T are fields etc., these homomorphisms are, of course,
isomorphisms.
Let Pic(T |S) denote the kernel of the homomorphism Pic(S)→ Pic(T ) induced by the ring
homomorphism f : S → T , necessarily a morphism of G-modules when G acts on S through
ϕ : G → Q whence, in particular, the abelian subgroup Pic(T |S)Q of Q-invariants is defined,
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and let EPic(T |S,Q) denote the kernel of the homomorphism EPic(S,Q) → EPic(T,G) in-
duced by the morphism (f, ϕ) in Change. It is immediate that the low degree exact sequence
(3.14) restricts to the exact sequence
0 −→ H1(Q,U(S))
jPicS,Q−→ EPic(T |S,Q)
µPicS,Q |−→ Pic(T |S)Q
ωPicS,Q |−→ H2(Q,U(S)) (18.12)
of abelian groups. In the appendix (cf. Subsection 19.2 below), we shall show that, with a
suitably defined Picard category PicT |S;G,Q substituted for CQ, the sequence (18.12) is as well
a special case of the exact sequence (3.10).
Theorem 18.4. Suppose that the group Q is finite. Then the extension
. . .
ωPicS,Q−→ H2(Q,U(S)) cprfr−→ EBfr(T |S;G,Q) resfr−→ XBfr(T |S;G,Q) tfr−→ H3(Q,U(S)) (18.13)
of the exact sequence (18.12) is defined and yields a seven term exact sequence that is natural
in terms of the data.
Proof. Essentially the same reasoning as that for Theorem 10.1 establishes this theorem as
well. We explain only the requisite salient modifications.
Exactness at XBfr(T |S;G,Q): This follows again from Theorem 9.1 or Theorem 6.1.
Exactness at H2(Q,U(S)): Let J represent a class in (Pic(T |S))Q, and proceed as in the proof
of the exactness at H2(Q,U(S)) in Theorem 10.1. Now T ⊗ J is free as a T -module and, with
reference to the associated group extension eJ , cf. (10.2), by construction, MeJ is free as an
S-module whence T ⊗MeJ is free as a T -module. Hence
T ⊗ HomS(J,MeJ ) ∼= HomT (T ⊗ J, T ⊗MeJ )
is free as a T -module. Consequently (EndS(MeJ ), τeJ ) represents zero in EBfr(T |S;G,Q).
Conversely, let e: U(S)֌ Γ։ Q be a group extension, and proceed as in the proof of the
exactness at H2(Q,U(S)) in Theorem 10.1. Thus suppose that (EndS(Me), τe) represents zero
in EBfr(T |S;G,Q). Then there are StQ-modules M1 and M2 whose underlying S-modules
are faithful and finitely generated projective such that the following hold, where we denote
by τ1 : Q→ Aut(EndS(M1)) and τ2 : Q→ Aut(EndS(M2)) the associated trivially induced Q-
equivariant structures: The algebras (EndS(Me), τe)⊗(EndS(M1), τ1) and (EndS(M2), τ2) are
isomorphic as Q-equivariant S-algebras and, furthermore, the T -modules T ⊗M1 and T ⊗M2
are free as T -modules. Consequently the T -module T ⊗ S arising from the finitely generated
and projective rank one S-module J = HomEndS(Me⊗M1)(Me ⊗M1,M2) is free of rank one
whence [J ] ∈ Pic(T |S). The group extension eJ , cf. (10.2), is now defined relative to J ,
whence [J ] ∈ (Pic(T |S))Q, and the Γ-action on J induces a homomorphism Γ → Aut(J,Q)
which yields a congruence (1, ·, 1): e → eJ of group extensions, and this congruence entails
that ωPicS,Q [J ] = [e] ∈ H2(Q,U(S)).
Exactness at EBfr(T |S;G,Q): The reasoning in the proof of Theorem 10.1 which shows that
the composite res ◦ cpr is zero shows as well that the composite resfr ◦ cprfr is zero.
To show that ker(resfr) ⊂ im(cprfr), let (A, τ) be a Q-equivariant Azumaya S-algebra
representing a member of EBfr(T |S;G,Q), and suppose that the class of its associated Q-
normal algebra (A, στ ) goes to zero in XBfr(T |S;G,Q). As in the proof of the exactness at
EB(S,Q) in Theorem 10.1, there are two induced Q-equivariant split algebras (EndS(M1), τ1)
and (EndS(M2), τ2) over faithful finitely generated projective S-modules M1 and M2, respec-
tively, such that (A, τ)⊗ (EndS(M1), τ1) and (EndS(M2), τ2) are isomorphic as Q-equivariant
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central S-algebras but now we may furthermore take M1 and M2 to have the property that
the T -modules T ⊗M1 and T ⊗M2 are free of finite rank. Essentially the same reasoning
as that in the proof of the exactness at EB(S,Q) in Theorem 10.1 yields a group extension
e: U(S)֌ Γ։ Q such that
cprfr([e]) = [(EndS(Me), τe)] = [(A, τ)] ∈ EBfr(T |S;G,Q).
Consider a Q-normal Galois extension T |S of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above,
and take the morphism (f, ϕ) to be the morphism (i, πQ) : (S,Q, κQ) −→ (T,G, κG) in Change
associated to that Q-normal Galois extension, cf. (12.3).
Theorem 18.5. Suppose that the group Q is finite. Then the extension
0 −→H1(Q,U(S))
jPicS,Q |−→ EPic(T |S,Q)
µPicS,Q |−→ (Pic(T |S))Q
ωPicS,Q |−→ H2(Q,U(S))
cprfr−→EBfr(T |S;G,Q) resfr−→ XBfr(T |S;G,Q) tfr−→ H3(Q,U(S)) inf−→ H3(G,U(T ))
(18.14)
of the exact sequence (18.12) is defined and yields an eight term exact sequence that is natural
in terms of the data.
Proof. Essentially the same reasoning as that for Theorem 17.2 establishes this theorem as
well. We leave the details to the reader.
The homomorphism (18.2) now lifts to a homomorphism
Xpext(G,N ; U(T )) −→ XBfr(T |S;G,Q) (18.15)
such that (18.2) may be written as the composite
Xpext(G,N ; U(T )) −→ XBfr(T |S;G,Q) −→ XB(T |S;G,Q) (18.16)
and, when Q and hence G is a finite group, the homomorphism (16.2) lifts to a homomorphism
H2(G,U(T )) −→ EBfr(T |S;G,Q) (18.17)
such that (16.2) may be written as the composite
H2(G,U(T )) −→ EBfr(T |S;G,Q) −→ EB(T |S;G,Q).
Theorem 18.1, adjusted to the present circumstances, takes the following form which, again,
we spell out without proof.
Theorem 18.6. The group Q being finite, the maps (18.15), (18.4), (18.6), and (18.17) are
natural homomorphisms of abelian groups and induce a morphism (18.1) → (18.14) of exact
sequences.
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The Morita equivalence approach
We define the Q-graded relative Brauer precategory associated with the morphism (f, ϕ) in
Change to be the precategory PreBT |S;G,Q that has as its objects the Azumaya S-algebras A
such that T ⊗ A is a matrix algebra over T , a morphism ([M ], x) : A → B in PreBT |S;G,Q of
grade x ∈ Q between two Azumaya algebras A and B in BT |S;G,Q, necessarily an isomorphism
in PreBT |S;G,Q, being a morphism in BS,Q, that is, a pair ([M ], x) where [M ] is an isomorphism
class of an invertible (B,A)-bimodule M of grade x ∈ Q, such that, furthermore, T⊗M is free
as a T -module. There is no reason for composition in the ambient category BS,Q to induce
an operation of composition in PreBT |S;G,Q since, given three Azumaya algebras A, B, C in
PreBT |S;G,Q and morphisms ([BMA], x) : A → B and ([AMC ], x) : C → A of grade x ∈ Q in
PreBT |S;G,Q, while the composite ([BMA ⊗A AMC ], x) : C → B of grade x ∈ Q in BS,Q is
defined, there is no reason for the (T ⊗B,T ⊗ C)-bimodule
T ⊗ (BMA ⊗A AMC) ∼= T⊗B(T ⊗M)T⊗A ⊗(T⊗A) T⊗A(T ⊗M)T⊗C
to be free as a T -module. To overcome this difficulty, we take the Q-graded relative Brauer
category associated with the morphism (f, ϕ) in Change to be the subcategory BT |S;G,Q of
BS,Q generated by PreBT |S;G,Q. Thus a morphism in BT |S;G,Q of grade x ∈ Q between two
objects A and B of BT |S;G,Q is a morphism ([BMA], x) : A→ B in BS,Q of grade x ∈ Q such
that there are objects A1,. . . , An of BT |S;G,Q and morphisms ([Aj+1MAj ], x) : Aj → Aj+1 in
PreBT |S;G,Q such that, when we write A as A0 and B as An,
BMA ∼= AnMAn−1 ⊗An−1 . . .⊗A2 A2MA1 ⊗A1 A1MA0 . (18.18)
We then define composition, monoidal structure, the operation of inverse, and the unit ob-
ject as in BS,Q. The resulting category BT |S;G,Q is a group-like stably Q-graded symmetric
monoidal category. Hence the category Rep(Q,BT |S;G,Q) is group-like and thence
kRep(Q,BT |S;G,Q) is an abelian group. When the groups G and Q are trivial, that is, we
consider merely the homomorphism f : S → T of commutative rings, the same construc-
tion yields a precategory PreBT |S and, accordingly, the corresponding group-like symmetric
monoidal category BT |S which we refer to as the relative Brauer category associated with the
homomorphism f : S → T of commutative rings. The category BT |S has U(BT |S) = Pic(T |S)
as its unit group, is group-like, and kBT |S is therefore an abelian group. The ring homomor-
phism f : S → T being a constituent of the morphism (f, ϕ) in Change having ϕ surjective,
the category BT |S;G,Q has Ker (BT |S;G,Q) = BT |S and U(BT |S;G,Q) = U(BT |S) = Pic(T |S) as
its unit group.
Given two objects A and B of BT |S;G,Q we define, with respect to the morphism (f, ϕ)
in Change, a relative Morita equivalence of grade x ∈ Q between A and B to be a string of
isomorphisms in PreBT |S;G,Q of the kind (18.18) above. It is immediate that, as in the classical
situation, given two objects A1 and A2 of BT |S, a relative Brauer equivalence
A1 ⊗ EndS(M1) ∼= A2 ⊗ EndS(M2)
between A1 and A2 induces a string
A1 ≃ A1 ⊗ EndS(M1) ∼= A2 ⊗ EndS(M2) ≃ A2
of isomorphisms in PreBT |S and hence a relative Morita equivalence between A1 and A2 (of
grade e ∈ Q) whence the obvious association induces a homomorphism
Bfr(T |S) −→ kBT |S (18.19)
92
of abelian groups, necessarily surjective. Moreover, since Ker (BT |S;G,Q) is stably graded,
kBT |S = kKer (BT |S;G,Q) acquires a Q-module structure, and the homomorphism (18.19) is a
morphism of Q-modules.
Proposition 18.7. The homomorphism (18.19) is an isomorphism, that is, relative Brauer
equivalence is equivalent to relative Morita equivalence.
Proof. The classical argument, suitably rephrased, carries over: Let A and B be two Azumaya
S-algebras A in BT |S and consider a morphism [M ] : A→ B in PreBT |S. We must show that
A and B are relatively Brauer equivalent. Now Bop ∼= A End(M) (the algebra of left A-
endomorphisms of M), and
EndS(M) ∼= A⊗ (A End(M)) ∼= A⊗Bop
whence
EndS(M)⊗B ∼= A⊗Bop ⊗B ∼= A⊗ EndS(B).
Since T ⊗M and T ⊗B are free as T -modules, A and B are relatively Brauer equivalent.
With N , T , S substituted for, respectively, Q, S, R, the standard homomorphism (5.6)
from H2(N,U) to B(T |S), necessarily a morphism of Q-modules, lifts to a morphism
H2(N,U)) −→ Bfr(T |S) (18.20)
of Q-modules. By construction, then, the assignment to an automorphism in BT |S;G,Q of an
Azumaya algebra A in BT |S;G,Q of its grade in Q yields a homomorphism
π
AutBT |S;G,Q
(A)
: AutBT |S;G,Q(A) −→ Q
which is surjective if and only if the Brauer class [A] ∈ Bfr(T |S) of A in Bfr(T |S) ∼= kBT |S is
fixed under Q, and the group AutBT |S;G,Q(A) associated to an Azumaya S-algebra A in BT |S
whose Brauer class [A] ∈ Bfr(T |S) is fixed under Q fits into a group extension of the kind
(3.6), viz.
ePic(T |S)A : 1 −→ Pic(T |S) −→ AutBT |S;G,Q(A)
π
AutBT |S;G,Q
(A)
−→ Q −→ 1, (18.21)
with abelian kernel in such a way that the assignment to A of ePic(T |S)A yields a homomorphism
ωBT |S;G,Q : H
0(Q,Bfr(T |S)) −→ H2(Q,Pic(T |S)). (18.22)
The sequence (3.10) now takes the form
0 −→ H1(Q,Pic(T |S))
jBT |S;G,Q
−→ kRep(Q,BT |S;G,Q)
µBT |S;G,Q
−→ Bfr(T |S)
Q
ωBT |S;G,Q
−→ H2(Q,Pic(T |S)) (18.23)
and is an exact sequence of abelian groups since the category BT |S;G,Q is group-like. Further-
more, the association that defines the homomorphism (8.4) yields an injective homomorphism
θfr : XBfr(T |S;G,Q) −→ kRep(Q,BT |S;G,Q) (18.24)
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in such a way that the diagram
XBfr(T |S;G,Q) θfr−−−−→ kRep(Q,BT |S;G,Q)y y
XB(S,Q)
θ−−−−→ kRep(Q,BS,Q)
is commutative, the unlabeled vertical arrows being the obvious maps, and the argument for
Theorem 8.10 (iii)], adjusted to the present situation, shows that if Q (and hence G) is a
finite group, the homomorphism θfr is surjective and hence an isomorphism of abelian groups.
Thus when the group Q is finite, the exact sequence (18.23) is available with XBfr(T |S;G,Q)
substituted for kRep(Q,BT |S;G,Q).
Consider a Q-normal Galois extension T |S of commutative rings, with structure extension
e(T |S) : N ֌ G
πQ
։ Q and structure homomorphism κG : G → AutS(T ), cf. Section 12 above,
and take the morphism (f, ϕ) to be the morphism (i, πQ) : (S,Q, κQ) −→ (T,G, κG) in Change
associated to that Q-normal Galois extension, cf. 12.3. Comparison of the exact sequences
(3.14) and (18.23) with [Hue81b, (1.9)] yields the following result, which we spell out without
proof.
Theorem 18.8. Write U = U(T ). The various groups and homomorphisms fit into a com-
mutative diagram
0 // H1(Q,H1(N,U))
∼=

// Xpext(G,N ;U)

// H0(Q,H2(N,U))

d2
// H2(Q,H1(N,U))
∼=

0 // H1(Q,Pic(T |S))

j
// kRep(Q,BT |S;G,Q)

µ
// H0(Q,Bfr(T |S))

ω
// H2(Q,Pic(T |S))

0 // H1(Q,Pic(S))
j
// kRep(Q,BS,Q)
µ
// H0(Q,B(S))
ω
// H2(Q,Pic(S))
with exact rows; here the top row is the exact sequence [Hue81b, (1.9)], the middle row
the sequence (18.23), the bottom row the exact sequence (3.14), the unlabeled arrow from
H0(Q,H2(N,U)) to H0(Q,Bfr(T |S)) is induced by the homomorphism (18.20), and the other
unlabeled arrows are either the obvious ones or have been introduced before. If, furthermore,
the group Q is a finite group, the above diagram is available with XBfr(T |S;G,Q) substituted
for kRep(Q,BT |S;G,Q) and XB(S,Q) for kRep(Q,BS,Q).
Remark 18.9. The exact sequences (18.14) and (18.23) are presumably related with an equiv-
ariant Amitsur cohomology spectral sequence of the kind given in [Chi72, Sections 1 and 2]
and [CR65, Theorem 7.3 p. 61] in the same way as the exact sequences (13.4) and [Hue81b,
(1.9)] are related with the spectral sequence associated with a group extension and a module
over the extension group, cf. also [Hue81a].
19 Appendix
As a service to the reader, we recollect some more material from the theory of stably graded
symmetric monoidal categories [FW71b], [FW74], [FW00] and use it to illustrate some of the
constructions in the present paper.
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Recall that an S-progenerator is a faithful finitely generated projective S-module. Given
two Q-equivariant Azumaya S-algebras (A, τA) and (B, τB), a (B,A,Q)-bimodule (M, τM ) is
a (B,A)-bimodule M together with an StQ-module structure τM : Q → Aut(M) which is
compatible with the Q-equivariant structures τA : Q → Aut(A) and τB : Q → Aut(B) in the
sense that
x(bya) = xb xy xa, x ∈ Q, a ∈ A, b ∈ B. (19.1)
The object (S,Q, κQ) of the category Change being given, let (T,G, κG) be another object
of Change, and let (f, ϕ) : (S,Q, κQ)→ (T,G, κG) be a morphism in Change having ϕ : G→ Q
surjective, cf. Subsection 3.7 above
19.1 Examples of symmetric monoidal categories
— Mod S : the category of S-modules, a symmetric monoidal category under the operation of
tensor product, with S as unit object, and U(Mod S) = U(S);
— GenS [FW71b, §2 p. 17], [FW74, p. 229], [FW00, §2]: the symmetric monoidal subcategory
of Mod S, necessarily a groupoid, whose objects are the S-progenerators, with morphisms only
the invertible ones, having S as its unit object and U(GenS) = U(S) as its unit group;
— PicS : the symmetric monoidal subcategory of GenS , necessarily group-like, of invertible
modules, written in [FW71b, §2 p. 17], [FW00, §2] as CR, reproduced in Subsection 3.6 above;
— AzS : the symmetric monoidal subcategory of GenS , necessarily a groupoid, having the
Azumaya S-algebras as objects, invertible algebra morphisms between Azumaya S-algebras
as morphisms, the ground ring S as its unit object, and unit group U(AzS) trivial [FW71b,
§2 p. 18], [FW74, p. 229], [FW00, §2];
— XAzS: the quotient category of AzS , necessarily a groupoid, having the same objects as
AzS , and having as morphisms A → B between two objects A and B equivalence classes of
morphisms h : A→ B in AzS under the equivalence relation h1 ∼ h2 : A→ B if h1 = h2 ◦ Ia
for some a ∈ U(A) [FW71b, §5 p. 43], [FW00, §2], where the notation Ia refers to the inner
automorphism of A induced by a ∈ U(A); this category has S as its unit object, and its unit
group U(XAzS) is trivial;
— BS , the Brauer category of the commutative ring S, reproduced in Subsection 3.2 above;
— with respect to the ring homomorphism f : S → T , with the obvious interpretations, the
relative categories Mod T |S, GenT |S, PicT |S, AzT |S , XAzT |S, taken as full subcategories of,
respectively, Mod S, GenS, PicS , AzS , XAzS ;
— BT |S , with respect to the ring homomorphism f : S → T , the relative Brauer category ,
introduced in Subsection 18.3 above;
— EBS,Q, the equivariant Brauer category EBS,Q of S relative to the given action of Q on
S, written as B(R,Γ) in [FW71b, §5 p. 41] and [FW00, §3]; its objects are the Q-equivariant
Azumaya algebras (A, τ); a morphism [(M, τM )] : (A, τA)→ (B, τB) in EBS,Q between two
given Q-equivariant Azumaya algebras (A, τA) and (B, τB), necessarily an isomorphism in
EBS,Q, is an isomorphism class [(M, τM )] of a (B,A,Q)-bimodule (M, τM : Q → Aut(M))
whose underlying (B,A)-bimodule M is invertible; the operations of tensor product and that
of assigning to a Q-equivariant Azumaya S-algebra its opposite algebra (as a Q-equivariant
Azumaya S-algebra) turn EBS,Q into a group-like symmetric monoidal category having (S, κQ)
is its unit object and U(EBS,Q) = EPic(S) as its unit group [FW00, §3], [FW00, Proposition
3.1].
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— EBT |S;G,Q, the relative equivariant Brauer category associated with the morphism (f, ϕ)
in Change; it has as its objects the Q-equivariant Azumaya algebras (A, τ) such that the
G-equivariant Azumaya algebra (T ⊗ A, τG) that arises by scalar extension has its underly-
ing central T -algebra T ⊗ A isomorphic to a matrix algebra; given two Q-equivariant Azu-
maya algebras (A, τA) and (B, τB) in EBS,Q, a morphism (A, τA) → (B, τB) in the asso-
ciated precategory PreEBT |S;G,Q, necessarily an isomorphism in EBT |S;G,Q, is a morphism
[M, τM ] : (A, τA) → (B, τB) in EBS,Q, that is, an isomorphism class of a (B,A,Q)-bimodule
(M, τM : Q→ Aut(M)) whose underlying (B,A)-bimodule M is invertible, such that, further-
more, the resulting T tG-module T ⊗M is free as a T -module. We then take EBT |S;G,Q to be
the resulting subcategory of EBS,Q generated by PreEBT |S;G,Q, that is, we define morphisms
and composition of morphisms as finite strings in EBS,Q, of morphisms in PreEBT |S;G,Q,
and we define the monoidal structure, the operation of inverse, and the unit object as in
EBS,Q. The resulting category EBT |S;G,Q is a group-like symmetric monoidal category and
has U(EBT |S;G,Q) = EPic(T |S).
19.2 Examples of stably Q-graded symmetric monoidal categories
— Mod S,Q, a stably Q-graded symmetric monoidal category that arises from Mod S as follows:
Given two S-modules M and N , a morphism M → N of S-modules of grade x ∈ Q is a pair
(ϕ, x) having ϕ : M → N a morphism over R = SQ such that ϕ(sy) = (xs)y (s ∈ S, y ∈ M)
[FW74, p. 229], [FW00, §2].
Enhancing each of the categories C = GenS ,PicS ,AzS,XAzS ,BS in Subsection 19.1 above
to a stably Q-graded symmetric monoidal category CQ in the same was as enhancing the
category Mod S of S-modules to the stably Q-graded symmetric monoidal category Mod S,Q
just explained yields the following stably Q-graded symmetric monoidal categories:
— GenS,Q, written in [FW00] as GenR;
— PicS,Q, written in [FW00, §3] as CR, reproduced in Subsection 3.6 above;
— AzS,Q, written in [FW00, §2] as AzR;
— XAzS,Q, written in [FW71b, §5 p. 43] as Q − A˜zR and in [FW00, §2] as QAzR (beware:
the notation Q in [op. cit.] has nothing to do with our notation Q for a group, and the tilde-
notation in [FW71b, §5 p. 43] refers to the additional structure of a twisting and need not
concern us here); morphisms are now enhanced via the Q-grading, that is to say, a morphism
([h], x) : A → B in AzS,Q of grade x ∈ Q has [h] an equivalence class of an isomorphism
h : A → B of algebras over R = SQ such that (h, x) is, furthermore, a morphism in Mod S,Q
of grade x ∈ Q;
— BS,Q, the stably Q-graded Brauer category associated with the commutative ring S and the
Q-action κQ : Q→ Aut(S) on S, reproduced in Subsection 3.5 above.
The morphism (f, ϕ) : (S,Q, κQ)→ (T,G, κG) in Change having ϕ surjective being given,
similarly to the construction of the category BT |S;G,Q in Subsection 18.3 above, for each
of the stably Q-graded symmetric monoidal categories CS,Q = Mod S,Q,GenS,Q,PicS,Q, the
stably Q-graded symmetric monoidal category CT |S;G,Q is the subcategory that arises from
the ambient category CS,Q in essentially the same way as BT |S;G,Q arises from the ambient
category BS,Q save that there is no need to pass through a corresponding precategory: The
objects of CT |S;G,Q are those objects C of CS,Q having the property that T ⊗C is free as a T -
module, and CT |S;G,Q = Mod T |S;G,Q, GenT |S;G,Q, PicT |S;G,Q is the respective full subcategory
of CS,Q. Likewise, for the stably Q-graded symmetric monoidal categories CS,Q = AzS,Q and
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CS,Q = XAzS,Q, the stably Q-graded symmetric monoidal category CT |S;G,Q arises as the
subcategory that has as its objects Azumaya S-algebras A such that T ⊗A is a matrix algebra
over T , and AzT |S;G,Q is the corresponding full subcategory of AzS,Q and XAzT |S;G,Q that
of XAzS,Q. Now, with PicT |S;G,Q substituted for CS,Q, the exact sequence (3.10) yields the
exact sequence (18.12).
Remark 19.1. For an object of GenS,Q, that is, for a faithful finitely generated projective
S-module M , the group Aut(M,Q) introduced in Section 7 is canonically isomorphic to the
group AutGenS,Q(M).
19.3 The standard constructions revisited
The endomorphism functor End : GenS → AzS induces an exact sequence
0 −→ Pic(S) −→ kGenS
End−→ kAzS −→ B(S) −→ 0 (19.2)
of abelian monoids [FW71b, §5 p. 38], [FW74, Introduction], [FW00, §3]. This yields Pic(S)
as the maximal subgroup of the abelian monoid kGenS and recovers the standard construction
of B(S), cf. Subsection 4.2, as the cokernel of the homomorphism End of abelian monoids,
the cokernel of a morphism of monoids being suitably interpreted (in terms of the associated
equivalence relation and “cofinality”, cf. [FW74, §12]). The obvious functor Ω: AzS → BS
induces the isomorphism B(S) → kBS of abelian groups [FW71b, §5 p. 38], [FW00, §3,
Theorem 3.2 (i)] quoted in Subsection 4.2.
Likewise, the endomorphism functor End : GenS,Q → AzS,Q induces an exact sequence
0 −→ EPic(S,Q) −→ kRep(Q,GenS,Q)
End−→ kRep(Q,AzS,Q) −→ EB(S,Q) −→ 0
of abelian monoids [FW71b, §5 p. 38], [FW74, Introduction], [FW00, §3]. This yields
EPic(S,Q) as the maximal subgroup of the abelian monoid kRep(Q,GenS,Q) and recovers
the standard construction of EB(S,Q), cf. Section 9, as the cokernel of the corresponding
homomorphism End of abelian monoids. The obvious functor Ω: AzS,Q → BS,Q induces an
isomorphism EB(S,Q)→ kEBS,Q of abelian groups [FW71b, §5 p. 38], [FW00, §3, Theorem
3.2 (i)], that is, equivariant Brauer equivalence is equivalent to equivariant Morita equivalence.
Moreover, that obvious functor Ω factors as
AzS,Q
ΩAz−→ XAzS,Q Ω
XAz−→ BS,Q, (19.3)
and the functor ΩXAz : XAzS,Q −→ BS,Q induces the injection θ : XB(S,Q)→ kRep(Q,BS,Q)
of abelian groups spelled out as (8.4).
Recall that, given a stably Q-graded category CQ, the notation kQCQ refers to the monoid
kC = kKer (CQ) = kCQ, viewed as a Q-monoid, cf. Subsection 3.4. The functor
End : GenS,Q → AzS,Q induces, furthermore, a homomorphism
H0(Q, kQGenS,Q) −→ kRep(Q,XAzS,Q) (19.4)
of monoids [FW00, §3]. Indeed, let M be an object of GenS,Q. By construction, the grading
homomorphism AutGenS,Q(M)→ Q is surjective if and only if the isomorphism class of M in
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kGenS,Q is fixed under Q. Hence an object M of GenS,Q whose isomorphism class in kGenS,Q
is fixed under Q determines the exact sequence
1 −→ AutS(M) −→ AutGenS,Q(M) −→ Q −→ 1, (19.5)
plainly congruent to the exact sequence (7.4); in particular, the group AutGenS,Q(M) is canoni-
cally isomorphic to the group Aut(M,Q), cf. (7.3). Now, for any objectM of GenS , the groups
AutGenS(M), AutS(M), and U(EndS(M)) coincide, and the induced action of AutGenS,Q(M)
on EndS(M) yields a commutative diagram of the kind
1 −−−−−→ AutS(M) −−−−−→ AutGen
S,Q
(M) −−−−−→ Q −−−−−→ 1
∥
∥
∥


y


y
U(EndS(M)) −−−−−→ Aut(EndS(M), Q) −−−−−→ Out(EndS(M), Q) −−−−−→ 1
and hence an induced Q-normal structure Q→ Out(EndS(M)) on the split algebra EndS(M).
Thus the endomorphism functor End : GenS,Q → AzS,Q induces an exact sequence
0 −→ H0(Q,Pic(S)) −→ H0(Q, kQGenS,Q)
End
−→ kRep(Q,XAzS,Q) −→ XB(S,Q) −→ 0 (19.6)
of abelian monoids [FW00, §3] which, in turn, recovers the standard construction of the crossed
Brauer group XB(S,Q) of S relative to Q given in Section 8.1. The unit object of XAzS,Q
is represented by (S, κQ). This kind of construction is given in [FW71b, Theorem 4 p. 43],
[FW00, Section 3, a few lines before Theorem 3.2] (the cokernel of End being written as
QB(R,Γ)). In general, for the “crossed” versions, the equivalence between Brauer and Morita
equivalence persists only when the group Q is finite, that is the canonical homomorphism
θ : XB(S,Q) −→ kRep(Q,BS,Q)
of abelian groups given as (8.4) above is injective, see Theorem 8.10 (i), but to prove that θ is
surjective we need the additional hypothesis that Q be a finite group, see Theorem 8.10 (iii).
The above constructions, applied, with respect to the morphism (f, ϕ) in Change, to
the functors End : GenT |S → AzT |S and End : GenT |S;G,Q → AzT |S;G,Q, yield the exact
sequences
0 −→ Pic(T |S) −→ kGen
T |S
End
−→ kAzT |S −→ Bfr(T |S) −→ 0
0 −→ EPic(T |S,Q) −→ kRep(Q,Gen
T |S;G,Q
)
End
−→ kRep(Q,AzT |S;G,Q) −→ EBfr(T |S;G,Q) −→ 0
0 −→ H0(Q,Pic(T |S)) −→ H0(Q, kQGenT |S;G,Q)
End
−→ kRep(Q,XAzT |S;G,Q) −→ XBfr(T |S;G,Q) −→ 0
of abelian monoids. These recover the standard constructions of the abelian groups Bfr(T |S),
EBfr(T |S;G,Q), and XBfr(T |S;G,Q), cf. Subsection 18.3 above.
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Chapter III
Examples
Abstract
We describe various non-trivial examples that illustrate the approach to the “Teichmüller
cocycle map” developed in Chapter I and Chapter II in terms of crossed 2-fold extensions and
generalizations thereof.
20 Introduction
We recall the classical situation for number fields and show how it extends to rings of integers
in number fields. We then construct explicit examples of a non-trivial Teichmüller class that
arise in Grothendieck’s theory of the Brauer group of a topological space. We finally interpret
various group 3-cocycles constructed in C∗-algebra theory as variants of the Teichmüller 3-
cocycle.
With hindsight it is interesting to note that versions of the Teichmüller cocycle arise in
C∗-algebra theory, see Section 24 for details. While such cocycles were studied already in the
1980s, to our knowledge, their relationship with the Teichmüller cocycle was never pointed
out in the literature.
21 Number fields
21.1 General remarks
Consider an algebraic number field K (a finite-dimensional extension of the field Q of rational
numbers). Let Q be a finite group of operators on K, let k = KQ, and consider the resulting
Galois extension K|k. Let JK denote the abelian group of idèles of K|k and CK that of idèle
classes, and consider the familiar Q-module extension
0 −→ U(K) −→ JK −→ CK −→ 0 (21.1)
[Neu13, (III.2) p. 117]. By the “main theorem of class field theory”, H2(Q,CK) ∼= 1[K:k]Z/Z
[AT09, §VII.3 Lemma 6 p. 49], [Tat67, RESULT p. 196], [Neu13, (III.6.8) Theorem p. 150],
the group H2(Q,CK) has a canonical generator, referred to as the fundamental class of the
extension K|k and written as uK|k ∈ H2(Q,CK). As a side remark we note that, given a group
extension CK ֌ WK|k ։ Q that represents the class uK|k ∈ H2(Q,CK), the group WK|k is
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referred to as the Weil group of the field extension K|k [AT09, Ch. XV], [Tat67, §11.6 p. 200],
[Tat79]. The Weil group is uniquely determined since H1(Q,CK) is zero [AT09, Ch. XV].
Let m denote the l.c.m. of the local degrees. We summarize the results of [Mac48b,
Theorem 2, Theorem 3], [Nak51], and others as follows, cf. [AT09, §VII.4 Theorem 12 and
Theorem 14 p. 53], [Tat67, §11.4 Case r = 3 p. 199].
Proposition 21.1. (i) The boundary homomorphism δ : H2(Q,CK) → H3(Q,U(K)) in the
long exact cohomology sequence associated with (21.1) is surjective, and H3(Q,U(K)) is cyclic
of order s = [K:k]m , generated by the image tK|k = δ(uK|k) ∈ H3(Q,U(K)).
(ii) The class tK|k splits in some extension field L of K that is normal over k, indeed, things
may be arranged in such a way that L|K is cyclic.
Under the present circumstances, the eight term exact sequence (17.2) boils down to the
classical five term exact sequence, cf. (17.3), given, e. g., in [HS53, p. 130], combined with the
canonical isomorphisms
H2(Q,U(K)) ∼= B(K|k), H2(G,U(L)) ∼= B(L|k), H2(N,U(L))Q ∼= B(L|K)Q,
and the exactness of this sequence entails that tK|k is the Teichmüller class associated to
some Q-normal crossed product central simple K-algebra having L as maximal commutative
subalgebra. In the literature, the generator tK|k = δ(uK|k) ∈ H3(Q,U(K)) is referred to as the
Teichmüller 3-class [AT09, §VII.4 p. 52], [Tat67, §11.4 Case r = 3 p. 199], here interpreted as
the obstruction to the global degree being computed as the l.c.m. of the local degrees.
21.2 Explicit examples
Thus to get examples, all we need is a Galois extension K|k having s > 1. While, in view of
the Hilbert-Speiser Theorem, this is impossible when the Galois group Q is cyclic, for example,
the fields K = Q(
√
13,
√
17) or K = Q(
√
2,
√
17) have as Galois group Q the four group and
s = 2 [Mac48b], see also [Tat67, §11.4 p. 199] and [Mil13, Ch. VIII Exampe 4.5 p. 238].
Since it is hard to find truly explicit examples in the literature, we now briefly sketch a
construction of such examples. According to classical results due to Albert, Brauer, Hasse,
and E. Noether, every member of B(K) has a cyclic cyclotomic splitting field [Deu68, Satz 4,
Satz 5 p. 118], [Mil13, VIII.2 Theorem 2.6 p. 229], [Tat67, 10.5 Step 3. p. 191]. Indeed, the
argument in the last reference shows that, given a central simple K-algebra A, there is a
cyclic cyclotomic field L|K such that [LP : Kp ] ≡ 0(mp) for every prime p of K and such that
[L : K] = l.c.m.(mp). Thus, consider a cyclic cyclotomic extension L = K(ζ) having Galois
group N cyclic of order n (say). Let σ denote a generator of N , let η ∈ U(K), and consider
the cyclic central simple K-algebra D(σ, η) generated by L = K(ζ) and some (indeterminate)
u subject to the relations
uλ = σ(λ)u, un = η, λ ∈ L = K(ζ), (21.2)
necessarily a crossed product of N with L relative to the U(L)-valued 2-cocycle of N deter-
mined by η. By construction, D(σ, η) is split by L. Moreover, given ϑ ∈ U(L), the member
ηϑ = η
∏n−1
j=0 ϑ
σj of K yields the algebra D(σ, ηϑ), and the association u 7−→ ϑu induces an
isomorphism
D(σ, η) −→ D(σ, ηϑ) (21.3)
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of central K-algebras. The field L|k is the composite field k(ζ)K. Hence L|k is a Galois
extension, and the Galois group G of L|k is a central extension of Q = Gal(K|k) by the cyclic
group N = Gal(k(ζ)|k) of order n, a split extension if and only if k(ζ)∩K = k. The member η of
K represents the corresponding cohomology class [η] ∈ H2(N,U(L)), and [η] ∈ H2(N,U(L))Q
if and only if, given x ∈ Q = Gal(K|k), there is some ϑx ∈ U(L) such that the association
u 7−→ ϑxu induces an automorphism
Θx : D(σ, η) −→ D(σ, η) (21.4)
of central K-algebras that extends the automorphism x : K → K over k.
The sequence
0 −→ H2(N,U(L)) −→ H2(N,JL) inv1−→ 1|N |Z/Z −→ 0 (21.5)
is well known to be exact, cf., e. g., [Neu13, III.5.6 Proposition p. 143], and taking Q-invariants,
we obtain the injection
0 −→ H2(N,U(L))Q −→ H2(N,JL)Q. (21.6)
Given a prime p of K, for each prime P of L above p, the local extension LP |Kp is likewise a
cyclic cyclotomic extension. From a given system of local invariants in H2(N,JL)Q that goes
to zero under inv1 : H2(N,JL) → 1|N |Z/Z, at each prime P of L above p that occurs in that
system of local invariants, we can construct an explicit cyclic central Kp-algebra D(σP , ηP )
defined in terms of a prime element of Kp and, using, e. g., the recipe in the proof of [Deu68,
Satz 9 p. 119 ff.], we can then construct a member η of K such that the cyclic algebra D(σ, η)
has the given local invariants. By construction, then, the class of D(σ, η) in H2(N,U(L))
is Q-invariant. Hence D(σ, η) acquires a Q-normal structure, necessarily non-trivial when its
Teichmüller class is non-zero, and the above reasoning classifies those cyclic Q-normal algebras
that are non-trivially Q-normal.
22 Rings of integers and beyond
Let R be a regular domain, and letK denote its quotient field. By [AG60a, Theorem 7.2 p. 388],
the induced homomorphism B(R) → B(K) between the Brauer groups is a monomorphism.
It is known that, furthermore, the canonical map B(R) → ∩pB(Rp) from the Brauer group
B(R) to the intersection ∩pB(Rp) taken over all height one primes p is an isomorphism, cf.,
e. g., [Sal99, Theorem 9.7 p. 64].
Let K be an algebraic number field, S its ring of integers, and let r denote the number of
embeddings ofK into the reals. The Brauer group B(S) of S is zero when r = 1 and isomorphic
to a direct product of r − 1 copies of the cyclic group with two elements when r ≥ 2. This
is a consequence of a result in [AB68], see, e. g., [Cae98, (6.49) p. 151]. While a central
S-Azumaya algebra representing a non-trivial member of B(S) need not be representable as
an ordinary crossed product with respect to a Galois extension of S, see, e. g., [Chi87] and
the literature there, a right H-Galois extension T |S of rings of integers with respect to a
general finite-dimensional Hopf algebra H which splits all classes in the Brauer group B(S)
can easily be found [Chi87, Proposition 2.1 p. 246]. The question as to, whether or not, given
a finite group Q of operators on K and hence on S, along these lines, Q-normal S-Azumaya
algebras arise is a largely unexplored territory. The example [Chi87, Remark 2.6 p. 249] yields
a Q-equivariant Q-normal Azumaya algebra for Q the cyclic group with two elements.
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Consider now an algebraic number field K, a finite group Q of operators on K, let k = KQ,
and let S be the ring of integers in K and R that in k. Consider a field extension L|K such
that K|k is normal, with Galois group G, let N = Gal(L|K), so that the Galois groups fit
into an extension N ֌ G ։ Q, and let T denote the ring of integers in L. Let SL|K denote
the finite set of primes of K that ramify in L and let SL denote the finite set of primes of L
above the primes in SL|K. Inverting the primes in SL and those in SL|K we obtain a Galois
extension TSL |SSL|K of commutative rings with Galois group N . Let, furthermore, SK|k denote
those primes of k such that the primes in SL|K are exactly the primes above SK|k, and let RSK|k
denote the corresponding ring that arises from R by inverting the primes in SK|k. Then the
data constitute a Q-normal Galois extension of commutative rings but, while RSK|k = S
Q
SL|K
,
the ring extension SSL|K |RSK|k need not be a Galois extension of commutative rings. Recall
the exact sequence (18.1), for TSL |SSL|K |RSK|k as well as for L|K|k. The inclusions into the
quotient fields yield a commutative diagram
H2(G,U(TSL))
j−−−−→ Xpext(G,N ; U(TSL )) ∆−−−−→ H3(Q,U(SSL|K ))y y y
H2(G,U(L))
j−−−−→ H2(N,U(L))Q ∆−−−−→ H3(Q,U(K))
(22.1)
Suitably interpreting the constructions in Section 21 above, we can then construct crossed pair
extensions that represent members of Xpext(G,N ; U(TSL )) whose images in H
2(N,U(L))Q
have non-zero values in H3(Q,U(K)). Hence the associated crossed pair algebras then have
non-zero Teichmüller class in H3(Q,U(SSL|K )). This yields non-trivial examples of Teichmüller
classes of normal Azumaya algebras over rings of algebraic numbers with finitely many primes
inverted. We intend to give the details at another occasion. The Galois module structure of
groups like U(S) and Pic(S) is delicate, cf., e. g., [Frö83], and the calculation of the relevant
group cohomology groups is not an easy matter. More work is called for in this area.
23 Examples arising in algebraic topology
23.1 General remarks
Let X be a topological space, and let S denote the algebra of continuous complex-valued func-
tions on X. Isomorphism classes of Azumaya S-algebras of rank n > 1 correspond bijectively
to isomorphism classes of principal PGL(n,C)-bundles.
When X is a finite CW-complex, by a Theorem of Serre [Gro95, Theorem 1.6], the Brauer
group B(S) is canonically isomorphic to the torsion part H3(X)tors of the third integral coho-
mology group H3(X) of X. The isomorphism is realized explicitly as follows: Let Map(X,C)
denote the sheaf of germs of continuous C-valued functions on X and Map(X,C∗) that of
continuous C∗-valued functions on X. The exponential exact sequence
0 −→ Z −→ Map(X,C) −→ Map(X,C∗) −→ 0
of sheaves on X yields an isomorphism H2(X,Map(X,C∗)) ∼= H3(X) of sheaf cohomology
groups (valid more generally for paracompact X). The theorem of Serre’s just quoted says
that, X being a finite CW-complex, the canonical map from the Brauer group B(S) to
H2(X,Map(X,C∗)) is an isomorphism onto H2(X,Map(X,C∗))tors.
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Let ξ : P → X be a principal PGL(n,C)-bundle and, relative to the adjoint action of
PGL(n,C) on Mn(C), let ζ denote the associated vector bundle
ζ : E = P ×PGL(n,C) Mn(C) −→ X
on X. The S-module of continuous sections A = Γ(ζ) of ζ acquires the structure of an
Azumaya S-algebra in an obvious manner in such a way that the group U(A) of units of A
gets naturally identified with the space of sections of the associated fiber bundle
uξ : P ×PGL(n,C) GLn(C) −→ X
relative to the adjoint action of PGL(n,C) on GLn(C), endowed with the pointwise group
structure. Thus the group U(A) of units of A can be written as the group
Gξ ∼= MapPGL(n,C)(P,GL(n,C))
of PGL(n,C)-equivariant maps from P to GL(n,C), and the group Gξ, in turn, maps canon-
ically onto the group Gξ ∼= MapPGL(n,C)(P,PGL(n,C)) of gauge transformations of ξ. The
group Aut(ξ) of bundle automorphisms of ξ, i. e., pairs (Φ, ϕ) of homeomorphisms that make
the diagram
P
Φ−−−−→ P
ξ
y ξy
X
ϕ−−−−→ X
(23.1)
commutative, yields, in a canonical way, a subgroup of the group Aut(A) of ring automor-
phisms of A, and the assignment to a section of uξ of the induced gauge transformation of the
kind (23.1) with ϕ = Id yields a homomorphism ∂ : Gξ → Aut(ξ). Denote by Zn(C) ∼= C∗ the
central diagonal subgroup of GLn(C). Identifying the kernel of ∂ with the space of sections of
the associated bundle
P ×PGL(n,C) Zn(C) −→ X,
necessarily trivial, since Zn(C) is the center ofGLn(C), we see that the kernel of ∂ is canonically
isomorphic to the abelian group U(S) of continuous functions from X to C∗. Denote the group
of homeomorphisms of X by Homeo(X), and let Out(ξ) ⊆ Homeo(X) denote the image of
Aut(ξ) in Homeo(X) under the forgetful map which assigns to a member (Φ, ϕ) of Aut(ξ) the
second component ϕ. The group Out(ξ) is the group of homeomorphisms ϕ of X such that
the induced princiapl bundle ϕ∗ξ is isomorphic to ξ. Thus the principal bundle ξ determines
the crossed 2-fold extension
0 −→ Map(X,C∗) −→ Gξ ∂−→ Aut(ξ) −→ Out(ξ) −→ 1. (23.2)
Consider a group Q, and suppose that Q acts on X via a homomorphism σ : Q→ Out(ξ).
Requiring that the action be via a homomorphism σ : Q → Out(ξ) is equivalent to requiring
that some group Γ that maps onto Q act on the total space P of ξ in such a way that given
q ∈ Q, there exists some γ ∈ Γ such that
P
γ−−−−→ P
ξ
y ξy
X
q−−−−→ X
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is an automorphism of principal PGL(n,C)-bundles. Requiring that Γ act by bundle automor-
phisms is equivalent to requiring that the Γ-action on P commute with the PGL(n,C)-action.
The homomorphism σ then induces the requisite Q-action
κQ : Q −→ Aut(S) = Aut(Map(X,C))
on S = Map(X,C), and (A, σ) = (Γ(ζ), σ) is a Q-normal Azumaya S-algebra.
23.2 Explicit examples involving metacyclic groups
Consider a metacyclic group G given by a presentation
G(r, s, t, f) = 〈x, y; yr = 1, xs = yf , xyx−1 = yt〉 (23.3)
where
s > 1, r > 1, ts ≡ 1 mod r, tf ≡ f mod r,
so that, in particular, the numbers t
s−1
r and
(t−1)f
r are positive integers. The group G is an
extension
1 −→ N −→ G −→ Q −→ 1 (23.4)
of the cyclic group Q = Cs of order s by the cyclic group N = Cr of order r generated by y.
The upshot of the present subsection is an explicit Q-normal crossed pair algebra having a ring
of the kind S = Map(X,C) for some topological space X as its center and having non-zero
Teichmüller class in H3(Q,U(S)), to be given as (23.26) below.
Suppose that the g.c.d. ( t
s−1
r , r) is non-trivial, let ℓ > 1 denote a non-trivial divisor of
( t
s−1
r , r), let Cℓr denote the cyclic group of order ℓr, let v denote a generator of Cℓr, and let
Cℓ denote the cyclic subgroup of Cℓr of order ℓ generated by vr. The assignment to v of y
yields a group extension
eℓr : 0 −→ Cℓ −→ Cℓr −→ Cr −→ 1 (23.5)
representing the generator of H2(Cr,Z/ℓ) ∼= Z/ℓ.
Since t
s−1
ℓr is an integer, the association Q × Cℓr −→ Cℓr given by (x, v) 7−→ vt yields an
action of the group Q = Cs on Cℓr = 〈v; vℓr = 1〉. The induced action
G× Cℓr −→ Cℓr (23.6)
of G on Cℓr via the projection G → Cs and the obvious homomorphism ∂ : Cℓr → G then
constitute a crossed module.
Proposition 23.1. With respect to a suitable choice of the isomorphism
H3(Cs,Z/ℓ) ∼= Z/(ℓ, s),
the resulting associated crossed 2-fold extension
e2 : 0 −→ Cℓ −→ Cℓr −→ G −→ Cs −→ 1 (23.7)
represents the class in H3(Cs,Z/ℓ) that corresponds to
(t−1)f
r mod (ℓ, s).
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Proof. Let Fx denote the free group on x, let ZCs〈b〉 denote the free Cs-module on a single
generator b, view ZCs〈b〉 as an Fx-group via the canonical projection Fx → Cs, define the
morphism ∂ : ZCs〈b〉 → Fx of Fx-groups by ∂(b) = xs, and note that ∂ : ZCs〈b〉 → Fx is the
free crossed module associated to the presentation 〈x;xs〉 of the group Cs. Using the familiar
notation ICs ⊆ ZCs for the augmentation ideal of Cs, consider the associated crossed 2-fold
extension
0 −−−−→ ICs〈b〉 −−−−→ ZCs〈b〉 ∂−−−−→ Fx −−−−→ Cs −−−−→ 1, (23.8)
and lift the identity of Cs to a morphism
0 −−−−→ ICs〈b〉 −−−−→ ZCs〈b〉 ∂−−−−→ Fx −−−−→ Cs −−−−→ 1
α2
y α1y α0y ∥∥∥
0 −−−−→ Cℓ −−−−→ Cℓr ∂−−−−→ G −−−−→ Cs −−−−→ 1
(23.9)
of crossed 2-fold extensions as follows: With an abuse of the notation x, let α0(x) = x, and
let α1(b) = vf . Then
α1((x− 1)b) = x(vf )v−f = v(t−1)f = (vr)
(t−1)f
r ∈ Cℓ ⊆ Cℓr
Consequently α2((x − 1)b) = (vr)
(t−1)f
r ∈ Cℓ ⊆ Cℓr, whence α2 represents the member of
H3(Cs,Z/ℓ) ∼= Z/(ℓ, s) that corresponds to (t−1)fr mod (ℓ, s).
Remark 23.2. It is immediate that, for a suitable choice of the parameters, (t−1)fr is non-
trivial modulo (ℓ, s). For example, as in the situation of [Hue89, Theorem E], suppose that
p is a prime that divides r, s, t
s−1
r and f , but that it does not divide
(t−1)f
r . Then, with
ℓ = p, the 2-cocycle α2 and hence the crossed 2-fold extension e2 represent a generator of
H3(Cs,Z/p) ∼= Z/p. Indeed, for a suitable choice of the data, in the notation of [Hue89,
Theorem E], this class is that written there as ωxcx.
Since H2(Cs,C∗) is trivial, the homomorphism H3(Cs,Z/ℓ) → H3(Cs,C∗) induced by the
canonical injection Cℓ → C∗ is injective whence, when α2 represents a non-trivial cohomology
class, the composite of α2 with the canonical injection Cℓ → C∗ yields a non-trivial coho-
mology class in H3(Cs,C∗) ∼= Z/s. To construct a crossed 2-fold extension representing that
cohomology class, let Ĉℓr denote the universal group characterized by the requirement that
the diagram
eℓr : 0 −−−−→ Cℓ −−−−→ Cℓr −−−−→ Cr −−−−→ 1y y ∥∥∥
e∗ : 0 −−−−→ C∗ −−−−→ Ĉℓr −−−−→ Cr −−−−→ 1
(23.10)
be commutative with exact rows. The G-action (23.6) on Cℓr and the trivial G-action on C∗
combine to a G-action
G× Ĉℓr −→ Ĉℓr (23.11)
on Ĉℓr that turns the obvious map ∂̂ : Ĉℓr → G into a crossed module. The cohomology class
under discussion is represented by the resulting crossed 2-fold extension
e∗2 : 0 −→ C∗ −→ Ĉℓr ∂̂−→ G −→ Cs −→ 1. (23.12)
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Since the group C∗ is a divisible abelian group, the bottom row extension e∗ in (23.10) splits
in the category of abelian groups. However, when the class represented by α2 is non-trivial,
such a splitting cannot be compatible with the G-module structures.
Under the present circumstances, since the action of N on C∗ is trivial, the bottom diagram
of what corresponds to (13.3), with M = C∗, takes the form
0 −−−−→ Hom(N,C∗) −−−−→ AutG(e∗) −−−−→ G −−−−→ 1
∼=
y y y
0 −−−−→ H1(N,C∗) −−−−→ OutG(e∗) −−−−→ Q −−−−→ 1
(23.13)
with exact rows and, cf. Proposition 13.2, the G-action (23.11) (turning Ĉℓr together with the
canonical homomorphism ∂̂ : Ĉℓr → G into a G-crossed module) determines and is determined
by a crossed pair structure ψ : Q→ OutG(e∗) on the group extension e∗. The resulting crossed
pair (
e∗ : C∗֌ Ĉℓr ։ Cr, ψ : Q→ OutG(e∗)
)
represents a non-trivial class
[(e∗, ψ)] ∈ Xpext(G,N ;C∗) (23.14)
in the group Xpext(G,N ;C∗) of crossed pair extensions with respect to the group extension
(23.4) and the (trivial) G-module C∗, cf. [Hue81b, Theorem 1] and Subsection 13.1 for these
notions and, cf. [Hue81b, Theorem 2] or Subsection 13.1, the homomorphism
∆: Xpext(G,N ;C∗) −→ H3(Q,C∗)
sends the class (23.14) to [e∗2] ∈ H3(Q,C∗) ∼= Z/s.
Let π : X˜ → X be a regular covering projection having the group N = Cr as deck transfor-
mation group, and let S = Map(X,C) and T = Map(X˜,C). Then T |S is a Galois extension
of commutative rings with Galois group N , cf. Example 2.4. Suppose that X˜ is endowed
with a G-action that extends the N -action. Then the quotient group Q = G/N acts on X
in an obvious manner, and T |S is a Q-normal Galois extension of commutative rings, with
structure extension (23.4) and structure homomorphism κG : G→ AutS(T ). By construction,
U(S) = Map(X,C∗) and U(T ) = Map(X˜,C∗). Since the groups N , G, and Q are finite, the
homomorphisms
H∗(N,C∗) −→ H∗(N,U(T )), (23.15)
H∗(Q,C∗) −→ H∗(Q,U(S)), (23.16)
Xpext(G,N ;C∗) −→ Xpext(G,N ; U(T )), (23.17)
induced by the canonical injections C∗ → Map(X˜,C∗) and C∗ → Map(X,C∗) (induced by
the assignments to a member of C∗ of the associated constant maps), respectively, are isomor-
phisms, the third homomorphism being an isomorphism in view of the naturality of the exact
sequence [Hue81b, (1.9)] (spelled out as the top sequence in the diagram in Theorem 18.8).
For later reference, we now give an explicit description of a representative of the image
of (23.14) under (23.17). To this end, let CT denote the universal group characterized by the
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requirement that the diagram
e∗ : 0 −−−−→ C∗ −−−−→ Ĉℓr −−−−→ Cr −−−−→ 1y y ∥∥∥
eT : 0 −−−−→ U(T ) −−−−→ CT −−−−→ Cr −−−−→ 1
(23.18)
be commutative with exact rows. The G-action (23.11) on Ĉℓr and the G-action on U(T )
combine to a G-action
G× CT −→ CT (23.19)
on CT . With M = U(T ), diagram (13.3) takes the form
0 0y y
U(S) U(S) 1y y y
0 −−−−→ U(T ) −−−−→ CT −−−−→ N −−−−→ 1y y y
0 −−−−→ Der(N,U(T )) −−−−→ AutG(eT ) −−−−→ G −−−−→ 1y y y
0 −−−−→ H1(N,U(T )) −−−−→ OutG(eT ) −−−−→ Q −−−−→ 1y y y
1 1 1 ,
(23.20)
with exact rows and columns, the G-action (23.19) on CT induces a section ΨT : G→ AutG(eT )
for the third row group extension in (23.20), and this section, in turn, induces a section
ψT : Q→ OutG(eT ) for the bottom row extension in (23.20) in such a way that (eT , ψT ) is a
crossed pair. By construction, then, the image
∆[(eT , ψT )] ∈ H3(Q,U(S))
of the class
[(eT , ψT )] ∈ Xpext(G,N ; U(T )) (23.21)
is represented by the crossed two-fold extension that arises as the top row of the commutative
diagram
e2T : 0 −−−−→ U(S) −−−−→ CT
∂T−−−−→ BψT −−−−→ Q −−−−→ 1∥∥∥ ∥∥∥ y ψTy
0 −−−−→ U(S) −−−−→ CT −−−−→ AutG(eT ) −−−−→ OutQ(eT ) −−−−→ 1,
(23.22)
the group BψT being characterized by the requirement that the right-hand square be a pull
back square.
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The naturality of the constructions entails that the diagram
Xpext(G,N ;C∗)
∆−−−−→ H3(Q,C∗)
∼=
y ∼=y
Xpext(G,N ; U(T ))
∆−−−−→ H3(Q,U(S))
(23.23)
is commutative. In the case at hand the commutativity of (23.23) is an immediate consequence
of the observation that the above homomorphism ΨT : G → AutG(eT ) induces a homomor-
phism G→ BψT which makes the diagram
e∗2 : 0 −−−−→ C∗ −−−−→ Ĉℓr ∂̂−−−−→ G −−−−→ Q −−−−→ 1∥∥∥ ∥∥∥ y ψTy
e2T : 0 −−−−→ U(S) −−−−→ CT
∂T−−−−→ BψT −−−−→ Q −−−−→ 1
(23.24)
commutative. This commutativity, in turn, implies that (i) the class (23.21) yields a non-
trivial class in the group Xpext(G,N ; U(T )) of crossed pair extensions with respect to (23.4)
and U(T ) and that (ii) this class goes under ∆ to the image in H3(Q,U(S)) of the class
[e2] ∈ H3(Q,C∗) ∼= Z/s, non-trivial for suitable choices of the parameters, cf. Remark 23.2
above.
Recall the homomorphism (18.2), of the kind
cpa: Xpext(G,N ; U(T )) −→ XB(T |S;G,Q).
This homomorphism fits into the commutative diagram
H1(Q,H1(N,U(T )))
d2−−−−→ H3(Q,U(S))
α
y ∥∥∥
Xpext(G,N ; U(T ))
∆−−−−→ H3(Q,U(S))
cpa
y ∥∥∥
XB(T |S;G,Q) t−−−−→ H3(Q,U(S)).
(23.25)
Here the upper square is part of the diagram in [Hue81b, Subsection 1.4], and the lower square
results from Theorem 18.1. Consequently the Q-normal crossed pair algebra
(AeT , σψT ) (23.26)
with respect to the Q-normal Galois extension T |S of commutative rings that arises from the
crossed pair (eT , ψT ) with respect to (23.4) and U(T ) via the construction in Subsection 13.2
has non-zero Teichmüller class in H3(Q,U(S)).
To realize this kind of example concretely, consider a faithful unitary representation E of
complex dimension n of the metacyclic group G [CR06, §47 p. 335]. Things can be arranged
in such a way that the unitary G-representation yields an action of G on the unit sphere
S2n−1 ⊆ Cn so that the restriction of the action to N = Cr is free but, apart from trivial
cases, the G-action itself will not be free. Thus we may take X˜ = S2n−1 and X = S2n−1/Cr
(a lens space) and carry out the above construction.
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Remark 23.3. The above observation that the bottom row in (23.10) splits in the category of
abelian groups translates, in view of the exactness of the sequence [Hue81b, (1.9)] (spelled out
as the top sequence in the diagram in Theorem 18.8) to the fact that the above homomorphism
α is an isomorphism.
Remark 23.4. Apart from trivial cases, while CT acquires a G-action, this action does not
turn the obvious map CT → G into a crossed module since the action of N on the kernel U(T )
of CT → G is non-trivial when N is non-trivial. Thus we cannot get away with the crossed
pair concept, more general than that of a crossed module.
24 Examples arising from C∗-dynamical systems
The group 3-cocycle in [Sut80, II 3.1 p. 147] with values in the group of units of the center of
a von Neumann algebra is an instance of a Teichmüller cocycle in the von Neumann algebra
context. The aim of this 3-cocycle was indeed to explore a crossed product construction
formally of the same kind as the crossed product in Section 5 above, and these ideas were
pushed further in [Jon79, Jon80] to gain structural insight into von Neumann algebras (but to
our knowledge the relationship with the Teichmüller cocycle was not observed in the literature).
Given a topological space X, the results of [Dix63, DD63] are nowadays well known to
establish an isomorphism
δ : B(X) −→ Hˇ3(X,Z) (24.1)
between the Brauer group B(X) of Morita equivalence classes [A] in the sense of Rieffel
of continuous-trace C∗-algebras A having spectrum X and the third ech-cohomology group
Hˇ3(X,Z), see, e. g., [CKRW97, RW93]. The continuous-trace C∗-algebras A having spectrum
X can be characterized as the C∗-algebras which are locally Morita equivalent to the com-
mutative algebra C0(X) of continuous complex-valued functions on X that vanish at infinity,
and the Dixmier-Douady class is the obstruction to building a global equivalence with C0(X)
from the local equivalences.
Let now Q denote a group and suppose that Q acts on X and hence on C0(X). Given
a continuous-trace C∗-algebras A having spectrum X, just as before, we define a Q-normal
structure on A to be a homomorphism κ : Q → Out(A) = Aut(A)/Inn(A). Then, with a
suitable definition of the group U(A) of units of A, the Teichmüller class in H3(Q,U(A)) is
defined, just as before in the ordinary algebraic case. Since the algebraic theory developed
in Chapter I and Chapter II involves only the objects themselves but does not involve any
cocycles, it is now a laborious but most likely rather straightforward endeavor to extend that
theory to the C∗-algebra case.
In [CKRW97], the theory of C∗-algebra Brauer groups was extended so that group ac-
tions can be accomodated, and a corresponding equivariant Brauer group was defined. In
[CKRW97, Lemma 4.6], even a version of a Teichmüller cocycle shows up (but the authors
did not recognize that the cocycle they constructed is a kind of Teichmüller cocycle).
In this area there are presumably many examples of a non-trivial Teichmüller class to be
found and new phenomena are lurking behind. See also [CRW07, Pac99, Par88, RW91, Tay82].
25 Complements
Other explicit examples of a non-trivial Teichmüller cocycle can be found in [CG01] and
[Hür82].
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Remark 25.1. In [Hac94], the Teichmüller cocycle serves as a crucial means for building a
Galois theory of skew fields. It is worthwhile noting that, in “non-commutative Galois theory”,
a counterexample in [Tei40, p. 141] serves as well as a counterexample in [Hac87, p. 558],
[Hoc50, p. 298], and [Jac64, §VI.11 p. 147].
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